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Summary 

It has been known for some time that warped extra dimensions offer a potential explanation of the 
large hierarchy that exists between the electroweak scale and the Planck scale. The majority of 
this work has focused on a five dimensional slice of AdS space. This thesis attempts to address the 
question, what possible spaces offer phenomenologically viable resolutions to this gauge hierarchy 
problem. In order for a space to offer a potential resolution to the hierarchy problem two conditions 
must be met: Firstly one should be able to demonstrate that the space can be stabilised such that a 
small effective electroweak scale (or large effective Planck scale) can be obtained. Secondly one 
must demonstrate that the space allows for a Kaluza Klein (KK) scale that is small enough such that 
one does not reintroduce a hierarchy in the effective theory. Here we focus on the second condition 
and examine the constraints, on the KK scale, coming from corrections to electroweak observables 
and flavour physics which arise when gauge fields propagate in an additional dimension. We study 
a large class of possible spaces of different geometries and dimensionalities. In five dimensions it 
is found that such constraints are generically large. In more than five dimensions it is found that a 
significant proportion of such spaces suffer from either a high density of KK modes or alternatively 
strongly coupled KK fields. The latter would not offer viable resolutions to the hierarchy problem. 
Models in which the Higgs propagates in the bulk are also studied, in the context of models with a 
'soft wall' and it is found these have significantly reduced constraints from flavour physics as well 
as a notion of a minimum fermion mass. 
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Throughout this thesis we shall use the (+ ) metric convention. We shall also work with 

natural units with Ti - c - 1. We shall denote the full 5 + 6 dimensional space time using x'^ 
with M, N running over 0, . . . , 3, 5, . . . , 5 +6. The four large dimensions are denoted by x*' with 
yu, y = 0, . . . , 3. Flat tangent space is denoted using the upper case latin indices A, B, while colour 
indices are denoted using the lower case greek indices a,/3. The lower case latin indices, i, j, k are 
used to simultaneously denote the flavour indices and run over the 6 internal space time indices. 
We shall denote KK number by m, n and note that in spaces of more than five dimensions m, n 
will be vectors running from n - (ni, . . . , ni+s). The Einstein summation convention is also used 
throughout. 
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Chapter 1 



Introduction 



Despite its experimental success the standard model (SM) of particle physics simply cannot be a 
fundamental theory. We will explain this statement in the following section but for now we will 
simply accept that the SM is a low energy effective theory. This leads to two further questions, 
what is it a low energy effective theory of and at what energy scale does it break down? There are 
a number of compelling extensions to the SM that include extending the space-time symmetry or 
extending the gauge symmetry of the SM. However here we will consider what is arguably one 
of the simplest extensions, that of changing the dimensionality of space-time. It is important to 
remember that in quantum field theory the dimensionaUty of space-time is a free parameter where 
as in string theory (one of the few candidates for a fundamental theory) the dimensionality is fixed 
to either 10 or 26 dimensions. As we shall demonstrate extra dimensions, in one form or another, 
offer possible explanations of many of the existing problems of the SM and hence are worthy of 
investigation as a plausible extension of the SM. 

The second question relating to the scale at which the SM breaks down is hnked to the question 
of what has broken electroweak (EW) symmetry. If EW symmetry is broken by a SM Higgs then 
either nature has an inexpUcable fine tuning or one requires new physics close to the EW scale 
in order to explain the associated gauge hierarchy problem. If EW symmetry is not broken by a 
SM Higgs then one would anticipate new physics at a scale close to the EW scale. Hence it is the 
gauge hierarchy problem that is really the reason for assuming new physics will be come apparent 
at the LHC in the next few years. 

In considering more than four dimensions one is immediately confronted with two more ques- 
tions. Firstly there appears to be considerable freedom in choosing the form of the extra dimension. 
In other words what should the geometry, dimensionality and topology of the extra dimensions be? 
Secondly since there is considerable empirical evidence to suggest that the universe, in the low en- 
ergy regime, is effectively four dimensional, then clearly there must be some mass gap (or Kaluza 
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Klein (KK) scale) below which the model is effectively four dimensional. The second question 
is then what is this scale? Here we will argue that if one seeks to resolve the gauge hierarchy 
problem using extra dimensions then this KK scale must be close to the EW scale. 
This then bring us to the question that this thesis wishes to address. 

If one assumes that the gauge hierarchy problem is resolved, via the gravitational 
red shifting (or warping) of an extra dimension, then what are the phenomenologically 
viable dimensionalities, geometries and topologies of the extra dimensions? 

Note we have already restricted this question to extra dimensional models that resolve the hier- 
archy problem via warping [ 1] rather than those that resolve the problem via volume effects |l2j|3l. 
We will inevitably add further amendments to this question later but first we should clarify the 
opening statement by listing some of the problems of the SM and looking at how extra dimensions 
offer potential resolutions. 



1.1 The Problems of the Standard Model 

Many may consider the extension of space-time to more than four dimensions to be an extravagant 
extension of the SM. In order to justify such an addition here we will briefly outline some of the 
problems of the SM and their potential solutions in extra dimensional models. 

• The Gauge Hierarchy Problem In the SM electroweak symmetry is broken at the EW scale 
(v w 174 GeV) by a scalar Higgs boson. If the Higgs potential is V{^) = -m^|Op -i- A\^f 
then the EW scale is dependent on the Higgs mass, = mjjlA. The problem arises when 
one considers the one loop correction to the Higgs mass coming from its interaction with a 
fermion, X D -/l(/,Oi^i/^, 

or its interaction with a gauge field £, D ^^|OpA^,A^ or its self interaction, 

where A is the UV cut off of the SM. In other words the Higgs mass (and hence the EW 
scale) is sensitive to both the masses of particles in the theory and the cut off of the theory. 
Bearing in mind that these are additive corrections, this is already slightly problematic when 
one takes A ~ <9(TeV). However if one assumes that the SM is valid all the way to the Planck 
scale (at which gravitational effects become important) then one can see that the Higgs mass 
would be quadratically sensitive to Mpi ~ 10^^ GeV. Naively this looks as though there is an 



immense fine tuning at the heart of the SM. We shall look at the extra dimensional resolution 
of this problem in the next section. 

The Fermion Mass Hierarchy Problem The SM fermions are observed to have masses 
ranging from the top mass (nit w 172 GeV ||4|) to the neutrino masses with a combined 
mass of my < 1.19 eV IJl. In the SM the neutrino masses cannot be accounted for, while 
the large range in the other fermion masses can only be explained with an ad hoc hierarchy 
in the Yukawa couplings. Again we will go through the extra dimensional explanation of 
this in more detail in section |3l 

Baryogenesis In order for a model to explain how the asymmetry between matter and an- 
timatter developed in the early universe it is necessary that it satisfies three conditions 0. 
It must have interactions in which baryon number is not conserved. It must have CP vi- 
olating processes and it must have interactions occurring out of thermal equilibrium. It is 
thought that the SM does not provide sufficient CP violation. As we shall discuss in sec- 
tion [3] when considering fermions propagating in extra dimensions there are a number of 
additional sources of CP violation. 

Dark Energy The SM cannot explain the late time acceleration of the universe. Once again 
there is considerable work being done on the 4D effective cosmological constant that can 
arise when one considers a brane in a higher dimensional spacetime. See (T\ for a review. 

Dark Matter The SM has no dark matter candidate. Where as extra dimensional scenarios, 
in which the extra dimensions are not cut off by a brane, can often give rise to massive stable 



particles that can act as dark matter candidates. See section 5.3.4 



• Gravity The SM does not include gravity. One of the few candidates for a quantum theory of 
gravity is string theory which, as already mentioned, necessarily requires extra dimensions. 

This is by no means a complete list. One could, for example, include questions related to why is 
there are three generations of fermions or include the strong CP problem in QCD or the Landau 
pole in QED. Here we merely wish to point out that extra dimensional scenarios offer plausible 
explanations to many of the problems of the SM. 



1.2 Warped Extra Dimensions and the Gauge Hierarchy Problem 

Many of the problems in the previous section can be resolved for a large range of KK scales. 
However a resolution of the gauge hierarchy problem necessarily requires that the KK scale be 
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close to that of the EW scale. Hence the resolution of this problem is sensitive to many of the 
constraints which we shall consider in this thesis. For the same reason any resolution of the gauge 
hierarchy problem should be testable, in the next few years, at the LHC. 

Central to the gauge hierarchy problem is the fact that the Higgs mass is quadratically sensitive 
to the scale of new physics. Hence the problem can potentially be removed if the scale of new 
physics is the same as the EW scale. Or in other words if all the dimensionful parameters of 
a theory exist at the same scale then the EW scale will need no fine tuning. At first sight this 
does not look possible since we observe the EW scale to be ~ 200 GeV while the other known 
dimensionful parameter is the Planck mass Mp\ ~ lO'^ GeV. However from an extra dimensional 
perspective these are four dimensional effective parameters which have been scaled down from 
some fundamental bare scale. 

To see how these parameters scale we need to consider a specific space. When the Randall and 
Sundrum (RS) model was originally proposed in 1 1] they considered a slice of AdSs, bounded by 
two 3 branes at r = r^- and r = and described by 

ds^ = e-^'^'-q^ydxf'dx'' - d?, (1.1) 

where T/^y = diag(H ). However in order to address the question posed at the beginning of 

this section here we wish to consider as generic a space as possible. Having said that considering 
completely generic spaces not only rapidly leads to equations with no analytical solutions, it also 
makes it difficult to keep track of the source of the scaling present in the model. We are also 
partly motivated by the spaces of relevance to the AdS/CFT correspondence that are discussed in 
the following section. Hence here we shall restrict our study to spaces in which the four large 
dimensions are warped with respect to (w.r.t) a single 'preferred' direction r. Hence we shall 
considers 5 + 6 dimensional spaces described by 

ds^ = a^{r)ri^ydx>'dx'' - b^{r)dr^ - c^{r)da], (1.2) 

with an internal manifold described by JQ^ - yij((p) d(p'd(f)^ , with /, j running from \ . . .6. We 
will also define the boundaries of this space to be and <^^. Although for the moment we will 
not specify whether this boundary has arisen via compactification, or corresponds to an orbifold 
fixed point or a brane cutting the space off. Note one can always set = 1 with a coordinate 
transformation 

r — > r = ^ b{f)df, 

although by not doing so one can analytically represent a greater range of spaces. 

If we now consider the two dimensionful parameters, mentioned above, which in the 5 + 5 
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dimensions, with the Higgs propagating in the bulk, will be given by 

Firstly after taking account of the two derivatives in the Ricci scalar then the four dimensional 
effective Planck mass will be given by the effective coupling of the fiat graviton zero mode, see 
section [241 

< = J d'^'^ ^^bc' Vy. (1.3) 

Secondly while the four dimensional kinetic term term will scale as a^bc^ ^Jy\Df^H^ the mass term 
will scale as a^bc^ ^Jym^hf■. Hence after a suitable field redefinition the four dimensional effective 
Higgs mass term will be given by 



J d^-'^x = ml J d^^^x a^H^. (1.4) 



Note, after a KK decomposition, this expression would typically not be diagonal w.r.t KK number. 
It should also be pointed out that radiative corrections to wiq will also scale in the same way. 
Although one could ask the question what should the cut off of the higher dimensional theory be? 
A cut off that is significantly larger than mo can potentially lead to the reintroduction of a 'little 
hierarchy'. But if itiq ~ Mpi then one is in the regime of quantum gravity and such a question 
cannot be answered at this time. However if one assumes the cut off is not too large then the gauge 
hierarchy problem can potentially be resolved when mo ~ Mfund- 

Clearly there are a number of ways this can be achieved. One possibility, considered in EUS), 
is to use the volume of an extra dimension with a = 1 to suppress Mfund down to the EW scale. 
However this typically requires that the model has parameters that are not at the scale of the rest 
of the theory. In particular the inverse of the radius of the extra dimension is often not at the EW 
scale. Hence we shall not consider this option here. 

An arguably more compelling idea is to consider spaces in which all the dimensionful para- 
meters (including both the curvature and radii of the spac^ are at the same order of magnitude, 
which in turn implies 

^tidj d'^'xa^bc'^J^-0{l). 

This then implies that only via the warp factor a can the hierarchy problem be resolved. The idea, 
introduced in 1 1 ], is to have the Higgs localised at the tip of a warped throat i.e. Hd{r - rji) and so 



'In the RS model it is found that the proper distance between between the branes, / = bdr, differs from the 
curvature, k, by a factor of In(fi). If the KK mass scale is given by Mkk = ^ then / = j^^Q and hence if the KK scale 
differs significanly from the EW scale then I 't- M^^^^. A similar situation arises in all the backgrounds considered in 
this thesis. 



5 



= a(ri^)^mQ. Hence the hierarchy problem can be resolved when the warp factor is 

a = ain,)-^ ~ 10^^ (1.5) 

We shall repeatedly use this definition of the warp factor throughout this thesis. This is just one 
aspect of resolving the gauge hierarchy problem. The second aspect is demonstrating that the space 
can be stabilised, such that a large warp factor can be obtained, with out fine tuning. This was 
demonstrated for the RS model in |f8l|. Here we shall not consider aspects of stabilisation. While, 
it is arguably reasonable to assume that spaces with no large radii and no large contributions to the 
curvature can always be stabilised with out fine tuning, it is none the less a significant assumption. 

The third aspect, which will be the central topic of this thesis, is related to the size of the KK 
scale. As we shall discuss in the next chapter, in any phenomenologically viable extra dimensional 
scenario there is a KK scale related to the curvature and radii of the extra dimension. The four 
dimensional effective Higgs vacuum expectation value (VEV) will be quadratically sensitive to 
this scale and hence if this scale is too large then one risks reintroducing the hierarchy problem. 
On the other hand one relies on this scale to suppress extra dimensional contributions to existing 
observables. In other words, in order for warped extra dimensions to offer a viable resolution of 
the gauge hierarchy problem then one must explain why we have seen no sign of them with out 
resorting to a very large KK scale. 



1.3 The AdS/CFT Conjecture 

Before we address this problem in greater detail we should first offer further explanation as to why 
we are considering warped spaces and in particular spaces which are related to AdSj. In 1997 there 
was a surge of interest in AdSs following the proposal of the AdS/conformal field theory (CFT) 
conjecture [9|. The original conjecture states that solutions of type lib string theory on AdSj xS^ 
are dual to a four dimensional N = 4 super Yang-Mills theory S\J{N). Although this dualism has 
still not been proven, a considerable number of quantities have been computed on each side of 
the dualism and found to be in agreement ifTUllTTI . In particular one can match the symmetries, 
as well as the spectra of possible states. Also bulk fields, on the gravity side will be dual to 
operators, O of the conformal field theory. The value of the bulk field at the AdS boundarjj^ will 
act as a source for the CFT operator, i.e. with OUds boundary - (f>o then 

J J^o 
^An interesting feature of AdS space is tfiat it has a boundary. In particular if the space is described by ds- = 
"dx^dxy - dz") with < z < oo then light can reach the boundary at z = in a finite period of time, although 
massive particles cannot. Hence boundary condition must be properly defined here. 
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Hence one can also match the amplitudes of correlation functions across the duality. Further still 
the KK modes of these bulk fields are then dual to bound states of the CFT. 

Undoubtably this duality influenced the proposal of the RS model, however there are a number 
of significant differences between the RS model and the scenario described above. Firstly in the 
RS model the space is cut off by two branes in the IR and UV. This is supposed to be dual to 
cut offs imposed on the CFT which in turn break the conformal symmetry |[T2l [131 . A feature 
of cutting off the space with two branes is that the fifth component of the metric gives rise to a 
scalar field called the radion. This radion typically gains a mass once the inter-brane separation 
has been stabilised (H and is interpreted as the pseudo-Nambu-Goldstone boson of the breaking 
of the conformal symmetry O. It is also interesting to note that the Higgs, being localised on the 
IR brane, would be dual to a bound state of a near conformal field theory. In other words the RS 
model is very closely related to walking technicolour. 

Another significant difference with the RS model is that it has no 5 ^ internal manifold. In the 
original AdS/CFT the volume of the was important in determining the number of colours in 
the CFT. In particular the ten dimensional effective theory of type lib string theory includes a five 
form Ramond-Ramond field strength tensor F5, while in the dual theory the number of colours 
(A'^) is given by the flux, of this field, through the internal space lITOll . 

Hence it is not really clear what field theory the RS model is dual to. 

One can then ask what happens when one changes the number of colours? In lITSl [T6]| . 
SU(2M) X SU(M) is considered and the numbers of colours is reduced by repeatedly using the 
Seiberg duality in a 'duality cascade' ifTTl . The result on the gravity side is a 'deformed conifold' 
in which the radius of the internal space is shrinking towards the IR. We shall consider this space in 



more detail in section 5.2.2 Work has been done in extending these 'duality cascades' to RS-like 
scenarios |[T8l although the full phenomenological implications have yet to be properly explored. 

The point is that, while on one hand warped extra dimensions potentially offer a neat resolution 
to the gauge hierarchy problem and equivalently a new way of exploring technicolour. On the 
other hand, just as in technicolour models there are unknowns relating to the number of colours 
and number of flavours. In warped extra dimensions there are unknowns relating to the geometry 
of the space. For the bulk of this thesis we shall not be too concerned with what field theory 
is dual to the particular space we are studying but rather consider the spaces purely from the 
extra dimensional perspective. Hence this thesis will focus on 'bottom up' deformations of the 
RS model in an attempt to investigate what models can be used to resolve the gauge hierarchy 
problem. 
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1.4 Outline 



As mentioned here we shall focus on the constraints on the KK scale coming from existing observ- 
ables. In particular constraints coming from EW observables and flavour physics. The approach 
will be to look at corrections to such observables arising from models with extra dimensions, with 
the emphasis on trying to consider as generic an extra dimension as possible. In section[2]we shall 
lay much of the groundwork by carrying out the KK decomposition for the scalar field, gauge 
field, fermion field and graviton. We shall then move on, in section |3] to consider the descrip- 
tion of flavour that exists in models with warped extra dimensions and the associated constraints 
from flavour changing neutral currents (FCNC's). Likewise in section[4]we shall consider the con- 
straints coming from EW observables. In section[5]we shall apply these generic results to diff'erent 
possible spaces. Starting with five dimensions we shall demonstrate why large constraints from 
EW observables are a generic feature of models that resolve the hierarchy problem. We will then 
consider three examples of possible spaces, firstly a class of spaces where we have simply assumed 
that the internal space is scaling as a power law, secondly a particular string theory solution, which 
was mentioned above || T6| and thirdly a class of spaces that arise as the classical solutions of the 
Einstein equations with an anisotropic bulk cosmological constant. In section[6]we shall consider 
deforming the RS model by changing the cut ofi" of the space. This critically allows for the Higgs 
to propagate in the extra dimension and still resolve the hierarchy problem. We conclude in section 

13 



8 



Chapter 2 

The Kaluza-Klein Reduction 



The principle focus of this thesis is to assess whether or not models with warped extra dimensions 
offer a viable resolution to many of the existing problems of the SM, in particular the gauge 
hierarchy problem. The approach will simply be to match the low energy effective theory to 
existing experimental results and hence arrive at the allowed range for the free parameters in the 
higher dimension theory. One of the central tools required for this is the KK decomposition, that 
allows the field to be split into that which is dependent on the four large dimensions and that which 
is dependent on the extra dimensions. Hence the extra dimensions can be integrated out to a four 
dimensional effective theory. In this chapter, in order to lay the groundwork for later studies, we 
will go through the KK decomposition for the particles considered in this thesis. 



2.1 The Scalar Field 

We will start by considering the simplest case of a scalar field propagating in the extra dimension 
described by Eq. 1.2 

S ^ Jd^^^x y[G[\dM^\^-Vm). (2.1) 
The equations of motion are then given by 

a-^dadf(^ - a-^bc-^dsia^b-^c'^di^) - — 5,( ^IyY^^i^) + 5a,y(<D) - 0. (2.2) 

Vr 

If we now use the Klein Gordon equation to define the, on shell, four dimensional effective mass, 
df^&^(^ = -rn^O, then one can see that this effective mass is nothing but the eigenvalues of the 
Laplacian of the internal space, 

O" + ^^=^^' + ^ -^dii ^y^dj^) - b^d<^Vm + ^m^O - 0. (2.3) 



Where we have now denoted derivatives w.r.t r as '. When writing down the equations of motion 
it is important not to forget the accompanying boundary terms which, in this case, require that 

\Oa%-'c' V73>T""^ + y \<5a%c'-^ Vry'^y^lftf = 0. (2.4) 
Hence one is forced to impose either Neumann (NBC's) or Dirichlet boundary conditions (DBC's). 



In order to now solve Eq. 2.3 one would carry out a KK decomposition or separation of variables, 

^> = 2 /«''^('^) Q^^^C-^i' ■ • • ' '^^) ^^"^(•^^)- (2.5) 

n 

Here the KK number subscript n is shorthand notation for 1 + 5 subscripts, n = (n\,n2,... ^i+s). 
It is important to realise that this is a completely arbitrary choice and one is free to decompose the 
field however one likes. However some decompositions are clearly more sensible than others. In 
particular if a decomposition is chosen such that 

J d'-'x a%c' ^frf^'@T&T = 5nnr, (2.6) 

then the kinetic term and mass term would both be orthogonal w.r.t the KK number, n. Hence, if 
one neglects interaction terms (i.e. taking V{<^) - M^(^^), the four dimensional effective action is 
then given by 

S = Jd^xY^ {\df,¥"f - ml¥"^ ^) (2.7) 



where 



and 



-^5,-(Vyy^5,0r)^««0f^ 
Vr 

In other words, when one reduces the higher dimensional theory to a four dimensional effective 
theory one obtains an infinite 'KK tower' of particles of masses m„. This tower will include all 



possible eigenfunctions of Eq. 2.8 and hence the multiplicity of KK particles will increase with 
dimensionality. Typically, with a KK decomposition defined by Eq. |2.6[ interaction terms in the 
higher dimensional theory will not be orthogonal w.r.t KK number and hence will mix particles of 
different KK number. 

If we now take the specific example of the five dimensional RS model (Eq. |1.1[ ), then with 
a{r) = e-'"' and b{r) - 1, Eq. [Is 



reduces to 



This can be solved to give 
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where v = J^^5^i±Mi Once N and j3 have been fixed by imposing the boundary conditions and the 



orthogonality condition (Eq. 2.6 1 then it is found that the KK masses are given by 



(2.9) 

where X„ is typically an order one number dependent on the boundary conditions and the roots 
of the Bessel functions. For example, with NBC's and a large warp factor, X„ ~ (n + lfT9l . 
The point is that there is a natural scale, related to both the curvature and the size of the extra 
dimension, that determines the mass of these KK particles. Hence when we talk of a low energy 
theory we are referring to energies lower than this KK scale. In other words, at energies much 
lower than this scale, the theory will appear four dimensional. If the extra dimension was too 
large, the KK scale would be reduced to an energy level that is easily probed and the model would 
be in conflict with everyday observation. 

The situation becomes more interesting when one considers more than one additional dimen- 
sion. Since now there exists the possibility of multiple KK scales all determined by the radii and 
geometries of the extra spaces. For example, if the 6 additional dimensions were compactified 



over a S dimensional sphere of radius then in Eq. 2.8 ||20] 



1(1 + 6- 1) 

""^^^ 
<(> 

and hence the spacing in m„ will be dependent on two scales, ^ and We shall return to this point 
with a more concrete example in section [53] Having covered the basic features of KK reduction 
for the scalar field we will now consider gauge fields propagating in the extra dimensions. 

2.2 The Gauge Field 

One has to be a little careful when considering bulk gauge fields in that, when writing down the 
Lagrangian, it is necessary to account for the unphysical degrees of freedom that can be removed 
by gauge transformations. In other words it is necessary to include a gauge fixing term. Before 
we consider the D dimensional case it is useful to first look at gauge fields in five dimensions. 

2.2.1 Gauge Fields in Five Dimensions 

We start by considering a.U{l) gauge field in five dimensions described by 
which after expanding and integrating by parts gives 
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At first sight this looks problematic since it appears that the fifth component of the gauge field 
will appear, in the four dimensional effective theory, as a massless scalar field mixing with the 
four dimensional gauge field through a term with a single derivative. However such mixing can be 
cancelled with the inclusion with a gauge fixing term. In particular, working in the gauge, with 
the gauge fixing term 

ZcF. = -^b{d^A^' - ^b-' dsia'b-'A,))^ , (2.10) 
the expanded action can now be given as 

S + Sg.f. - J d'xi^ - ^F^vF^" - Y^{^^,A^'f - ^-ds{a'b-'dsA^)A'' 

+ ^d^A,d^A' -^^(d.ia'b-'A,))^^. (2.11) 



Now the last term in Eq. 2.11 would act as a mass term for the scalar field but it is completely 
gauge dependent. If one was to move into the unitary gauge (^ oo) then these scalars would 
become infinitely heavy and hence should be considered unphysical. In other word one can always 
carry out a gauge ti^ansformation such that Aj is constant. Note one can carry out an analogous 
gauge fixing to remove any boundary term involving A5 II211 . 



Further still, when one reduces to a four dimensional theory, the third term in Eq. 2.1 1| will 



appear as a mass term for the gauge fields and hence break the gauge symmetry. In particular if 
one makes the KK decomposition 

A/. -2]/„(r)A;r\x^), (2.12) 



such that 



drbfnfm^Snm, (2.13) 



then the four dimensional KK gauge fields will gain masses, m„, where 

f: + '^^f;,+mf-f„ = 0. (2.14) 

What we are essentially seeing, by going from five dimensions to four dimensions, is the Higgs 
mechanism as work. I.e. the 5D gauge symmetry is broken, by the boundary conditions, giving 
rise to a tower of unphysical scalar fields (or goldstone bosons), A5, which are then 'eaten' by the 
gauge KK modes, which in turn gives them masses. 

The possible exception to this is the zero mode, i.e. the KK mode corresponding to wiq = 0, 
in which the gauge symmetry is not broken in the four dimensional effective theory. In this case, 
whether or not the A^'^ scalar can be gauged away is dependent on the boundary conditions Il22l 
|23l . This has led to a considerable amount of work being done on ascribing the A component 
of a non abelian gauge field to the Higgs, that then breaks electroweak symmetry, see for example 
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Il24l |25l |26l |27]| . Although the idea of using the boundary conditions of an extra dimension to 
dynamically break a gauge symmetry is much older |[28ll29ll30ll3T]| . 



2.2.2 Gauge Fields in D Dimensions 

Having looked at the five dimensional case we will now extend this to look at an abelian field in 
D dimensions 

S = Jd'^x VG|-^FMiv/^''^). (2.15) 
For ease of notation, we will briefly work in a more generic metric of the form 

ds^ = a^{(pi)ri^ydx^dx^ - yijdc/y'dc/)-' , (2.16) 

where now /, j run from 5 to D. Eq. |2.15 can then be expanded to 



+ \ ^JyaW\^^AiWAj)^ - ^a^Y^FikFji). (2.17) 

As in the five dimensional case it seems that the extra components of the gauge field would appear, 
in the four dimensional theory as D - 4 scalar field mixing with the gauge fields. Once again the 
terms linear in d^A'^ can be cancelled with the gauge fixing term, 

Sg.f. = /^''^ - ^ Vr (^/.A^' - -^dii Vra'y'^A)) , (2.I8) 

yielding the action 

S + Sg.f. - J d'^x ^^^-^F.^ff^' - ^(d.A'^f^ - ^A^^di ( ^J^a^yJ^jA,) 
+ \ ^JyaWKd^Ai){d^Aj)^ - ^-aS'¥'FikFj, - ^5,- ( ^J^y^a^Aj) d, ( ^J77"a^A,) . 

If we once again define the four dimensional effective mass, of the gauge field, by the equations 
of motion, 

d'Fy^ + ^d^idyA") = 
then the equations of motion for the four dimensional gauge field are then given by 

-^di ( y/ya^yJdjA^j + m^A^ - 0. (2. 19) 

As we shall see in the following sections, the low energy phenomenology and corrections to the 
SM are typically dominated by the exchange of KK gauge fields. The effective couplings and 
masses of these fields will be largely determined by this equation. Hence we shall see that this 
equation is critical in determining which spaces offer a viable resolution to the gauge hierarchy 
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problem. Although before we look at this equation in more detail we should include the other 
D - 4 equations of motion corresponding to the additional components of the gauge field or the 
'gauge scalars'. 

d^^cfAi = ^^d, {a^ ^y''h'''Fhk) + ^di {a^ Vt/'A/)) (2.20) 

Here we see a significant difference between the five dimensional gauge field and the higher di- 
mensional gauge field. Notably that, where as in five dimensions the gauge scalar mass term was 
completely gauge dependent and hence were not physical particles, in more than five dimension 
there is both a gauge dependent and a gauge independent mass term. In other words one cannot 



gauge away all the gauge scalars. We shall look in more detail at the gauge scalars in section 2.2.3 
but now we shall continue considering the 4D gauge fields. 



Working with the space described by Eq. 1.2 and again making a KK decomposition that 
leaves the kinetic term diagonal w.r.t KK number, i.e. 

- J] /«(r)0„(0i, . . . , 05)A("\x^) (2.21) 

n 

such that 

;l+i5 



d'^-'x be' ^/^f,J,n@n@n, = Snm, (2.22) 



where once again n denotes all 1 + 5 KK numbers. Eq. 2. 19 is then given by 

„ {a^b-^c^y , b^ b^ . 

fn + , 2U-1 6^ fn " ^CKn/n + -^mjn = (2.23) 

and 

- -^^0, ( ^Jyy^^^,<^n) = a„0„ . (2.24) 

Once again the 4D effective theory contains 1+6 towers of KK gauge modes of masses /«„. 
Only for the zero mode will the gauge symmetry be left unbroken. Hence the SM gauge fields are 
always attributed to the zero modes. In all spaces considered here, the eigenvalues of the Laplacian 
operator will be positive (a„ ^ 0) and hence it is important to note that the SM gauge fields will 
always correspond to KK modes in which a„ = 0. 

Before moving on to the gauge scalars, we will again give a brief example of a solution using 
the 5D RS model (Eq. |1.1[ ) in which the eigenfunctions of Eq. 2.14 are given by 

„kn J(,(!|i) .kr 

where we have imposed NBC's on the UV brane, r = 0. If one imposes NBC's on the IR brane 
r - R and assumes a large warp factor (Q - e'^^) then the mass eigenvalues are approximately 
given by |[T9l 

Ik k 
m„~(n--)i-jj~X„-. 



Ur)-.NMiA'!^\-'M:^r-4-]]. (2.25) 
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Comparing this result with Eq. |2.9[ one can see that typically spin 1 and spin KK modes will 



have different masses but that these masses will be of the same order of magnitude, i.e. Mkk ~ 



£1- 



One can see that this will typically be the case for all spaces since the only term, in Eq 2.8 and 



Eq. 2.23 that is different is the coefficient in front of /,'. So the terms that determine the KK mass 
scale, i.e. ^, ^ and or,,, are the same for the two equations and hence gauge fields and scalars will 
have the same KK scales. 

2.2.3 The Gauge Scalars 

Turning now to the gauge scalars, in order to determine what can and cannot be 'gauged away' 
we would like to split apart the gauge dependent part of the equations of motion. By noting that 
Fhk - dhAk - dkAh then one can expand Eq. [2.20 I 



to 



Hence the unphysical gauge dependent fields will be given by 



d,(f l^^'j = [-^^^ Vy/'A/)J . (2.26) 



gauge field components to 



combinations of physical scalars. Although after taking into 



Likewise one can find the physical gauge independent part by taking the derivative of Eq. |2.20 
and using that the derivatives commute. This then gives 

5^5^ (diAj - djA) = di \^-^di (a' Vr/'/'/^A.)] - dj [^5, (a' Vr/V^/^M)] - (2.27) 

Hence one can define the unphysical Goldstone boson by ^ = YjiAi while the physical gauge 
scalars will be given by 0,y - A,- - Aj. At first sight this looks like one has gone from \ + 5 

' \ +6 
2 

account that they will not all be independent, one finds that there is in fact 6 gauge scalars or, after 
a KK decomposition, 6 towers of scalars. 

Having said this the KK decomposition is surprisingly involved. Firstly in more than six di- 
mensions one has mixing between the different gauge scalars and the Goldstone bosons. However 
there is also a difficulty in finding an orthogonal decomposition that leaves the kinetic term canon- 
ically normalised, i.e, 

6 

(=1 

Of course this is not impossible but rather algebraically awkward. Hence as far as the author is 
aware the KK decomposition has only been completed for six dimensional models in flat space 
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||32l[33]| and AdS^ in (34). Of course one does not have to work in the unitary gauge. In ||35l the 
Feynman gauge = 1) was used and it was found one does not obtain a mixing between A5 and 
Ag. Although one must then include the corresponding ghost terms. Alternatively one can work 
with the phase of Wilson loops as in models with gauge-Higgs unification. Since it is difficult 
to eliminate the gauge dependent part, arguably it would be better to leave it in and check that 
it drops out of any physical result. The point we really wish to make is, no matter what method 
one uses, these gauge scalars will probably make a contribution to existing observables and this 
contribution is not straight forward to calculate for spaces such as AdSj x S^. 

Further still the non Abelian gauge scalars will gain an effective potential at tree level and it is 
feasible that such fields will gain a VEV upon compactification. The scale of this potential VEV 
will of course be dependent on the geometry and so could prove significant in excluding possible 
spaces as resolutions of the hierarchy problem. Unfortunately, a full study of such gauge scalars 
has proved beyond the scope of this thesis and hence here we will leave the computation of their 
phenomenological implications to future work. 

2.2.4 The Position / Momentum Space Propagator 

Up to now we have defined the KK decomposition by matching the higher dimensional theory to 
the 4D effective theory and defined our KK masses by the 4D equations of motion. One may be 
concerned at this purely 'on-shell' description. To be a little clearer about the physics behind the 
KK decomposition in this section we will compute the propagator for in the higher dimensional 
theory. Here we will work in just five dimensions although it is straight forward to work in more. 



Following 11361 . Eq. 2.1 1 can be expanded, in the unitary gauge 00), to 



Here we are interested in the extra dimensional contribution to the gauge propagator and so we 
will not go through the full Faddeev-Popov quantisation. Rather we simply note that, after Fourier 
transforming just w.r.t the four large dimensions, the full derivation is identical to the four di- 
mensional case, which can be found in many textbooks. Hence one can read off the propagator 
as 

< A^'{r)A\f) >= -iGp{r, r) ^if' - (2.28) 
where is the four momentum and 

Usia^b-^ds) + pA Gp{r, f) = \-5{r - f). (2.29) 



As with the KK decomposition, in order to proceed further, it is necessary to specify a particular 
space. Once again we shall use the 5D RS model (Eq. \\A) as a specific example. This gives the 
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most general solution of Eq. |2.29|as 



Gp{r,f) = 



e^'-(Ai,e-^) + BY,{!^)\ forr<r 
e^'-(cJi(2f) + DYi(£f )) forr>r 



(2.30) 



Although clearly these solutions must match up, i.e. G^{r, r) = Gp{r, r) and so after defining 
u = min(r, f) and v = max(r, f) then 



ku 



+ BY 



pe' 



ku 



CJi 



+ DY 



pe' 



kv 



One also has a constraint coming from integrating over Eq. 2.29 



lim dr (dl - Ikdr + e^^'p^) Gp{r, f) = [d,Gp{u, v) - duGpiu, v)]„=v 

6-^0 Jf_^ ^ > 



„2kv 



This then fixes the normalisation constant to be 

1 



pe-iAD - BC) (jo (^) Y: ) - Yo (^) Ji (^)) ^^^^^ 



-adY 



where in the second step we have used that x(Yo(x)Ji(x) - Yi(x)Jo(x)) - |. Finally we must 
impose boundary conditions. If one imposes NBC's at both the UV and IR brane then this fixes 
the remaining coefficients to be 



A = Yr 



5 = -Jo 



C = Yr 



pe' 



kR 



D = -Jo 



pe 



kR 



and hence 



Gp{u,v) 



CJi I ^ I + DY 



11^ 



(2.31) 



lk{BC - AD) 

So when one imposes boundary conditions, the denominator of the propagator becomes periodic 
w.r.t p and hence the propagator gains an infinite number of poles. It is straightforward to check 
that these poles correspond to the KK masses found by imposing the same boundary conditions 



on Eq. 2.25 In other words the act of compactification, or what ever is responsible for giving rise 
to a discrete KK spectrum, will equivalently give rise to multiple poles in the propagator. 
One can equate the two equivalent methods by noting that 



fjr ^ dfGp{u,v) = ^ f dr f dr ^"^^^^"'^''^ . 



(2.32) 



This equivalence is plotted in figure 2. 1 When one is working with a KK expansion, it is typically 
both impractical and unnecessary to work with the full infinite tower. Even if the lO^^^th KK mode 
was still weakly coupled one would expect the four dimensional eff'ective theory to have broken 
down along time before reaching it. So one should ask how many KK modes should be included? 
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0.9R 




0.9R 




(a) p = 0.1 Mkk 



(b) p = 10 Mkk 



Figure 2.1: The comparison between the propagator Gp(r,r) (in black) and the KK sum 
2_ 2 ■ The sum is taken over the zero mode (blue), zero mode and three KK modes (cyan), 
zero mode and six KK modes (green) and zero mode and ten KK modes (red). Here only the IR 
tip of the space is plotted. Mkk = ^ ^ 1 TeV and Q. = e^'^ = 10^^. 



In figure 2.1 it can be seen that, at momenta much lower than the KK scale, the propagator will 
be completely dominated by the zero mode with the exception of a small deviation in the IR tip of 
the space. This deviation can be included by just including the first few KK modes. However as 
one works at higher and higher momenta, the higher KK modes will increasingly contribute to the 
propagator and hence the 4D effective theory should include more KK modes. 



2.3 The Fermions 

Having considered gauge fields we will now move on to look at fermions. Fermions, in D dimen- 
sions, are representations of the S0(1,D - 1) Lie algebra. It can be shown, in odd dimensions, 
that there is only one irreducible representation and that is a 2^ component Dirac representation 
lITTll . Although in even dimensions there is also a 2?"' component Weyl representation that arises 
due to the algebra being isomorphic to two sub-algebras, e.g. in 4D S0(1, 3) = SU(2) x SU(2). 
As a slight side note it is these enlarged Lorentz symmetries and representations that can be used, 
in six dimensions, to elegantly explain both proton stability |[38l and the number of fermion gen- 
erations 113911 . They also give rise to a potential problem in reproducing the SM. Notably that the 
low energy four dimensional effective theory should be comprised of 2 component Weyl spinors. 
The now standard solution to this is to compactify the space over an orbifold chosen such that the 
zero modes of the additional 2 components Weyl spinors are forbidden by the resulting boundary 
conditions. However defining such an orbifold, in more than five dimension, is far from trivial. 
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Before looking at the higher dimensional case we shall once again first look at the five dimensional 
case. 



2.3.1 Fermions in Five Dimensions 



If we begin by considering the action for a massive Dirac spinor in a five dimensional version of 



Eq. 1.2 



S= Jdx^ VgI/YF^Vm^-MW], (2.33) 

where = E^y^ are the Dirac matrices in curved space. The Funfbein are defined by Gmn = 
E^tjabE^ and are given as E^ = diag(a~\ a~\ a~\ a~\ b~^). The covariant derivative must now 
also include a spin connection term, Vm = Dm + ojm, which is computed using ||401 

1 



OJM ^ o^M Jab ^ :z(^m [7a, TbI 



ABr 



where 



For this metric (Eq. 1 .2 1 the spin connection is computed to be 

1 



oJf, = ^^ti'^aysYf, and ojs = 0. 



Here we will use the chiral representation of the Dirac matrices, BH . in which = 



i \ 
o-^' 

d-'' 



where cr^ = {l, o"'| and - {l, -o"'} are the Pauli sigma matrices, while 75 is given by 75 = 

f \ 
i 

70717273 - . It is the same 75 which is used to define chirality iys^tR - +^lr 

-/ 

and allows for the five dimensional vector like Dirac fermion to be expressed in terms of two 
component Weyl representations. 



Eq. 2.33 can now be expanded in terms of two component Weyl spinors. 
Before going further it is worth taking a brief moment to review orbifolds. 



(2.34) 



Up to now, when we have considered the 5D RS model, we have essentially considered an 
interval r e [0, R] without being too specific about the precise compactification. For reasons we 
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shall see in a moment, the standard compactification is that of a 5 /Z2 orbifold in which the action 
is invariant under r ^ r + 2R and r -r. Such transformations also imply r ^ r - 2R and 
r — > 2/? - r. If we now consider how an arbitrary field transforms under such transformations, 
in particular (p{r + 2R) - T(p{r) and (p{-r) = Z(p{r). Combining the above transformations then 
implies TZ = ZT~^ which then gives rise to a second Z2 symmetry (Z)^ = (TZ)(ZT~^) = 1 Ell . It 
is these two Z2 symmetries that allow us to then consider fields defined over the interval r € [0, R] 
and not r e [0,2/?]. Naively one could suspect that one could write down non trivial boundary 
conditions that satisfy Eq. |2.4[ however we now see that this is not the case in an orbifolded 
space. Since the parity of the field under these Z2 symmetries will determine the boundary condi- 
tions of the field. So a field with a positive parity will be even over the interval and have NBC's, 
dr'P\o,R = 0> while a field with negative parity will be odd with DBC's, ^|o,r = 0. An important 
consequence of this is that fields with DBC's will not have zero modes and hence the parity under 
the Z2 orbifold will determine the particle content of the low energy theory. 



If we now return to the case of fermions. There is a subtlety, in that, when writing down a set 
of consistent boundary conditions, one is doing so for the fundamental four component Dirac field 
and not the apparent two component Weyl representation. Hence for a given fermion field there is 
one set of boundary conditions which can be expressed in terms of two sets of boundary conditions 



on the two Weyl spinors. If we now look at how the Weyl spinors (in Eq. 2.34 1 transform under 
the S1/Z2 transformations then clearly the terms iJ/L,R(^5if'R,L is only invariant if, under the Z2 
transformation, ipi has positive parity and tf/R has negative parity or vice versa. Bearing in mind 
the absence of a zero mode for fields with DBC's one arrives at the point of this discussion. 
Notably that, quite generically, one finds that the low energy theory of a five dimensional fermion 
compactified over a S 1 /Z2 orbifold is inherently chiral. Also it should be noted that in order for the 



bulk mass term, M'i'^ in Eq. 2.33 to be invariant under the S 1/Z2 transformations it is necessary 



for the mass term to undergo discrete jumps at the orbifold fixed points ||42l. 



Finally we can now continue with the KK expansion of Eq. 2.34 by defining the KK decom- 
position 

n=0 

such that 



J 



to give the 4D effective action as 

S= [dx'Y, Wl^D, + i^fcr^D, - m„ (^("V?^ + ^^V^^)] , (2-37) 

^ n 
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where m„ is obtained from the coupled equations of motion 

+ Z;M/f (2.38) 

-/f + feM/f > = ^4"W (2.39) 

These two equations can of course be combined to give a second order differential equation in 
terms of just f^^R. If we now consider the parity under the Z2 symmetries of the orbifold and hence 
choose either or to be an even field (positive parity), then the other Weyl spinor's resulting 
boundary condition is already fixed. For example if fR has positive parity then f^\o,R - and 



t> An) 

mn-fl 
a ^ 



(2.40) 



JO,R 



Y-'R Jo,R 

K"1o,« - K^1o,« (2.41) 
With such boundary conditions the zero mode of ij/L has the general solution 

ff\r) = — ^ , (2.42) 

V/o |exp[/;2Kr)Mrff] 

while xj/R has no zero mode. One can also see that the fermion profile is exponentially sensitive 
to the bulk mass parameter, M. It is this profile which will essentially determine the 4D effective 
coupling of the fermions and so, as we shall see in the next chapter, this generic dependence will 
prove critical to the warped extra dimensional description of flavour. 

Although here we have considered the boundary conditions, necessary for a low energy chiral 
theory, arising from an orbifold there is nothing intrinsically wrong in simply considering an in- 
terval with the appropriate boundary conditions imposed by hand. However such an approach is a 
little ad hoc. When we consider fermions in more than five dimensions the number of components 
that need to be removed from the low energy theory increases significantly and hence one is forced 
to look for increasingly complicated orbifolds. Also if one is to construct a description of flavour, 
analogous to that of the 5D RS model, it is necessary to include a bulk mass term. It has proved 
beyond the scope of this thesis to generalise this description of flavour to D dimensional generic 
spaces. None the less we will now consider fermions in more than five dimensions in order to 
demonstrate some of the problems and their potential solutions. 

2.3.2 Fermions in Flat Six Dimensional Space 

If we start by looking at the requirement that an extra dimensional description of flavour would 
require a bulk mass term. For simphcity we shall work with a flat six dimensional space and 
include the three possible mass terms 

Jd^x {ixT^'aMX - Mxx - MsxT\ - M^x^^x) (2.43) 
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One could envisage the mass terms and appearing from, for example, some gauge Higgs 
unification scenario in which the additional components of a gauge field gain a VEV. Although 
here we shall just include them as generic mass terms. Here;^f is an eight component Dirac spinor 
and the representations of the Dirac matrices used here are ll^ 
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^ -ir' 






which of course satistfy {r^,rB) = 2?/Afi. One can also define the the chirality matrix 

( ^ \ 
-jV 

i ^ 

such that Y''x± = ±A'±- Hence one can split the eight component Dirac spinor such that 



and = 



(2.44) 
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where again i/'l.r are 2 component Weyl spinors and iy'i^L,R - Eq. 2.43 can now be 

expanded to 



i^L±^dix^L± + i^R±o-''d^^R+ + ^L±d5>pR± - ^R±d5>pL± + i^L±d(,>fjR± 
+i4lR±d6^L± - M{4/L±lpR+ + lf/R±lf/L+) - iMs {4lL±^R± - 4fR±(IJL±) 

-Me i±il'L±^lfR± ± 4'R±^L±) 

Where a ± has been included both terms are present. This give rise to the first problem. The 
mass term M mixes both x± and ^l,r chiralities and hence such a mass term would require both 
to be present in the higher dimensional theory. In order to reproduce a low energy SM it would 
be necessary to ensure that the only Weyl spinors to gain a zero mode would be a doublet under 
SU(2), i.e. ipL, and a singlet under SU(2), \fjR. Hence the inclusion of a mass term M would 
require boundary conditions that removed three out of four possible zero modes. Clearly this 
problem becomes increasingly severe as one increases the dimensionality. 

If we now define an effective 4D mass by iy^^d^^ = then one can see that the higher 
dimensional fermion, x, is now described by four coupled equations of motion. 



(^5 + ide - iM5 + Me) t//R± - MijjR^ + mtf/L± = 
(55 + ide - iMs ± Me) iI'l± + Mi^lt - nu/zR^ = 

If we now make the KK decomposition 



(2.45) 
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and consider the zero mode m„ = then Eq. 2.45 can be combined to 

[dj + dl- liMsds - liMede -MI-M]- M^) T^^l^ = 0. (2.46) 
The most general solution can then be expressed as the linear combination 

There is of course still only one zero mode and once the bulk mass terms have been uniquely 



defined and the solution is reapplied to Eq 2.45 then the solution will be uniquely defined. For 
example if one assumes M and ^ are real then the solution reduces to 

;f = }^ei'^b<l>g(M+iMi)r <jr-(Q) _ ^^iM6<l>^(iMi-M)r ^ 

R+ L+ 

Hence the bulk mass terms do not just determine in which direction the fermions are localised they 
also determine the complex phase of the fermions. It is important to realise that by fixing the basis 
of the Dirac algebra and by assuming M is real one is essentially selecting a 'prefered' direction in 
the extra dimensions with no physical motivation for doing so. In other words in six dimensions, 
if one neglects the M5 and Mg and assumes real mass terms, then the zero modes will be flat in 
one direction but not the other. This was also found in [43 1. Naively this looks like one would 
arrive at an absurd situation in which the physical results are dependent on which Dirac matrices 
are being used. It is possible that this is related to the fact that the S0(1, 5) Lie algebra contains 
an S0(1, 3) x U(l) subgroup, where the U(l) symmetry is associated with rotations in the and 
X(, coordinates ||38]| . Here it is suspected that any space that yields different results for different 
representations of the Lie algebra must break this U(l) symmetry. 

The point is that, in extending the 5D RS description of flavour to more than five dimensions, 
one must not only deal with a significantly enlarged parameter space but one must also deal with a 
number of other subtleties including anomaly cancelation ll39l as well as what representations of 
the Lie algebra are permitted in different topologies. While these are potentially interesting areas 
of future study they are also beyond the scope thesis. 



Turning now to the question of finding a suitable orbifold in which to reproduce a four dimen- 
sional chiral theory. In six dimensions work has been done in this direction by considering a r^/Z4 
orbfold ll44]| and a T^/Z2 orbifold Il45ll46ll47l . However this work does not include a bulk mass 
term and hence could not be used to construct a model of flavour. Alternatively one could localise 
the fermions on a six dimensional hypersurface in a seven dimensional space Il48l . The situation 
becomes more promising in odd dimensions where, as explained in Il34l . one can compactify over 
an orbifold of the form 

(rVz2 X • • • X r^/Zj) X s Vz2. 
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The advantage is there is now multiple parities associated with each fermion. For example in seven 
dimensions ( with an orbifold r^/Z2 x 5 ' /Z2) the fermions would carry two parities corresponding 
to (Z2,Z2) = (+, +). Hence if one decomposes the eight component vectorial fermion into two 



component Weyl fermions w.r.t the chirahty matrix (Eq. 2.44 1 then one finds that the parities are 
distributed as 

<Al-(-,-) 
(Al+(+,+) 

if'R+i-, +) 

and hence only one two component Weyl spinor would gain a zero mode. This method can be used 
in any odd dimension greater than five. However before one extends this method to completely 



X 



generic odd spaces, described by Eq. 1 .2 one has yet another problem to solve. In particular it is 
necessary to decompose the higher dimensional fermion in to Weyl spinors with chirality defined 
w.r.t S0(l,3). This happens naturally when the space has a Lorentz symmetry S0(1,D - 1) but 
when one has two fibered spaces, e.g. AdSs x the Lorentz algebra is now S0(l,4) x SO(d). 
In such a case it is far from trivial to split up the higher dimensional fermions into two component 
Weyl spinors that are representations under S0(1, 3). 



In theory there is no fundamental reason that one cannot consider fermions in more than five 
dimensions but it is rather that, as far as the author is aware, many of the details of the KK decom- 
position are yet to be explicitly worked out. None the less one can see a number of generic features 
of fermions in higher dimensional theories, notably the feature of a bulk mass term determining 
in which direction a fermion profile will sit. However for the remainder of this thesis we will 
primarily consider fermions in five dimensions. 



2.4 The Gravitational Sector 

For completeness we shall briefly consider the gravitational sector. This thesis is primarily con- 
cerned with the constraints on the low energy theory arising from existing observables. Naively 
one could suspect that, since the gravitational coupling is so much weaker than the other forces, 
one need not be concerned with it. However here we will briefly demonstrate firstly that the coup- 
ling of the graviton KK modes can be of sufficient size to be of relevance to low energy physics 
P9ll50l . Although we will also demonstrate that, when one has a discrete KK spectrum, the con- 
straints from existing gravitational tests (i.e. tests on the inverse square law) are not significant. 
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2.4.1 KK Modes of the Graviton 

In order to arrive at the KK profiles of tlie graviton tlie standard approacli is to consider small 
pertubations from a Minkowski background in the four large dimensions 

ds^ = a\r) (ri^y + h^y) dxf'dx'' - b^{r)dr^ - c^(,r)dQ?^, (2.47) 

Considering the Einstein-Hilbert action and fixing the gauge such that dMh^^ = and h'^ = 
then it can be shown 1511 that variation of the action yields the equations of motion 

-^dM ( V^G^^'dNh^y) = 0. (2.48) 

In other words the graviton profile is essentially the same as that of a massless scalar field. So if 
one made the KK decomposition 



then the equations of motion split to the analogue of Eq. 2.8 



" ^ ^S-i?^-' ' ^ ( ^^''^■^) ^ - (2.49) 

and 

nP/;^ + mlP^J = (2.50) 

where □ = rf^dndy. If once again we take the example of the 5D RS model (Eq. |1.1| ) then the 
graviton zero mode, which will be responsible for low energy gravity, will have the profile 



whereas the graviton KK modes will be described by 

T^,:^ « , ' (2.52) 

These profiles will then determine the scale of the effective graviton coupling. For instance, if we 
consider the coupling to a particle localised on the IR brane (r = R), then one can see that the KK 

'F^"\R) 

graviton's coupling will be enhanced by a factor of Q. from that of the zero mode, ~ e . 

In other words if warped extra dimensions are the sole resolution to the gauge hierarchy problem 
then one would anticipate gravitational effects becoming apparent at the LHC. Although if Q is 
less than 10^^, as in the little RS model ll52l 15311541 . then one can safely neglect gravity. It should 
also be noted that the coupling between fields localised towards the UV brane and KK gravitons 
would be suppressed by a factor of Q. Hence constraints from gravity mediated FCNC's would be 
heavily suppressed as would many of the contribution to EW observables. 
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2.4.2 The Newtonian Limit 



To get an idea of how Eq. 2.50 reduces to Newton's inverse square law we introduce a source 
mass term on the IR brane, msd'^{x)6{r - rir)S^{(p - (})■„) Il55l . We also consider a very large speed 
of light. Hence we let □ -V^ and also only consider the scalar quantity which we denote 
Un Il56l . Eq. |2.50 now reduces to a Poisson's equation 



1 



tuna 



m,d\x)d{r - n,)6\(f> - <f>ir) 



This can then be solved to give the total potential at a point x - r 



(2.53) 



n=U lund 
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where in the second line we have used both the normalisation of the graviton zero mode and Eq. 



1.3 Hence where one has a discrete KK spectrum the corrections to the Newtonian potential 
are suppressed by the e'""'' term. In scenarios in which the graviton KK modes tend towards a 
continuous spectrum, such as the RS model with a single brane, then the sum becomes an integral 
and the contribution can become significant ||50ll57l . 

For these reasons, in the remainder of this thesis, we will not consider the gravitational sector. 
It turns out that in the scenarios that we are considering here the dominant constraints come from 
the tree level exchange of KK gauge modes. We will now move on to look at these constraints 
over the next two chapters. 
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Chapter 3 



Flavour in Warped Extra Dimensions 



Although originally proposed as a resolution of the gauge hierarchy problem, it was quickly real- 
ised that the 5D RS model also provides a quite neat description of flavour |[58l l59l |60]| . In this 
chapter, this description will be outlined along with some of the problems which can arise. Al- 
though before we get into the details of the model it is worth explaining what is meant by a 
'description' of flavour. 

The fermion masses are observed to range from the top mass of ~ 172 GeV [4 | to the neutrino 
masses with a combined mass of Y^v '^v < 1-19 eV (or J^v < 0.44 eV if one assumes neutrinos 
are hot dark matter candidates) |15|. Also the mixing between the different generations in the quark 
sector B1I6T1I. 

Vus = 0.2253 ± 0.0007 V^b = 0.0410!°:°°',^ Vub = 0.0034r'^,°^\l 

= 0.2252 ± 0.0007 V,, - 0.0403™^ V,^ = 0.00862!«;00026 (3_i) 

is observed to be slightly smaller than in the lepton sector [ 62] 

sin^ 6*12 - 0.24 - 0.40 sin^ 923 - 0.34 - 0.68 sin^ 6*13 < 0.04 (at 3o-). (3.2) 

Although recent results, from T2K and MINOS, disfavour a ^13 =0 hypothesis at 2.5a" and 
1.5cr respectively |[63l l64l . In addition the amount of CP violation, that has been observed in 
the decays of kaons and B mesons, is not sufficient to give rise to baryogenesis ll65l . So a 'neat 
description' of flavour should be able to offer a natural explanation of why the fermion masses 
range over so many orders of magnitude, as well as why the mixing angles take the values that 
they do. It should also include additional sources of CP violation while at the same time ensuring 
all additional contributions to existing sources of CP violation are small enough to be in agreement 
with experiment. Likewise, to avoid conflict with experiment, FCNC's must be suppressed in the 
low energy theory. Ideally a description of flavour would also explain why there exists three 
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generations although, as already mentioned, one must go to at least six dimensions to achieve this 
and here we will focus on five dimensions |[39l . 

Of course the next question is what is meant by natural? There is no clear cut answer to this 
question. Here we will demonstrate that warped extra dimensions offer a plausible explanation to 
many of these problems but, as we have already seen, considering fermions in extra dimensions 
leads to a significantly enhanced parameter space. However here we will argue that even with an 
enlarged parameter space these models are still reasonably predictive and critically all the new free 
parameters are taken to be at the same order of magnitude. 



3.1 The RS Description of Flavour 



Our starting point is the observation, made in section 2.3 that in five dimensions, fermions are 
vector like objects and one can include a bulk mass term. Quite generically this mass term causes 
the fermion zero mode to sit towards either the IR or UV end of the space (Eq. |2.42 ). Turning now 
to the RS model the space is specified by two dimensionful parameters, the curvature k and the 
size , which are both taken to be of roughly the same order of magnitude. Hence one would 
anticipate that the bulk mass terms are also at approximately the same order of magnitude and so 
we parameterise the bulk mass terms (in Eq. 2A2) by 



M = ck 



where c is assumed to be 0(l). The fermion zero modes are then given by Eq. 2.42 



k{\ + 2ci) 



exp(+c,/:r). 



(3.3) 



exp()t/? + IcikR) - 1 

where / is now a flavour index running from 1 to 3 and the ± refer to fi^ and respectively. By 
looking at how the function scales relative to the normalisation constant it is straight forward to 
see that ff^^ is localised towards the UV (IR) brane when c> ^{c < \) and like wise ff^ is sitting 
towards the UV (IR) brane when c > (c < -^). If we now consider the Yukawa coupling to a 
Higgs localised on the IR brane. 



where in the second step we have parameterised the 5D Yukawa couplings in terms of dimension- 
less (9(1) couplings Aij = Yijk. 





In breaking electroweak symmetry, O 



. The Higgs VEV is then rescaled by warp- 



ing, vo - O.V, such that v w 174 GeV In the gauge eigenstate the masses of the fermion zero modes 
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will then be dominated by the mass term 



Mij = AijV 



(1-24X1+24) , ,- ; 



(ni-24 _ l)(Ql+24 - 1) 
Up to now we have assumed that A is (9(1), however one can get an idea of the upper bound 
on A by considering some naive dimensional analysis. Following the arguments of [66], since Y 
has mass dimension -1, one can infer that the loop corrections to the Yukawa coupling should 
be ~ Y{YEQ.)^ /{I6n^). One would like to retain perturbative control until energies involving 
KK modes, i.e E ~ N{2 to 3)Mkk ~ N{2 to 3)/c/Q. So we require that (YEQ)^ /(16t:^) ~ 
{ANi2 to 3))^)/(16;t^) < 1 and hence if A > (47r)/((2 to 3)A^) one loses perturbative control of 
the low energy theory and these constraints become meaningless. With the conservative bound of 
N = 2 then one requires A <3. 

The range of possible zero mode fermion masses have then been plotted in figure [3?T] Firstly 
one can see that with small changes in the bulk mass parameters, c, one can easily generate fer- 
mions with masses many orders of magnitude lower than v. However it can be seen that, if a 
non-perturbative low energy theory is to be avoided, then one cannot have fermions with zero 
modes much larger than ~ 500 - 600 GeV. This is not in conflict with models with a fourth gen- 
eration of fermions, for which EW fits seem to favour Mt\ t' ^ 500 GeV ll67i . Although, since the 
measurement of the invisible Z decay width has pretty much excluded a light fourth generation 
(My' < 45.6 GeV), this does raise the question why are there no very light fermions. From figure 



3.1 one can see that even with |c| < 1, one can easily generate fermions of masses 20 orders of 
magnitude lower than the higgs VEV Yet even if the lightest neutrino is massless, the majority of 
the SM fermions appear to have bulk mass terms close to ci ~ 0.5 - 0.7 with no obvious reason 
as to why. 



Moving on to consider the unitary matrices that will diagonalise the mass matrix in Eq. 3.4 If 



the fermion masses, in the eigenstate in which gauge couplings are flavour diagonal, are given by 

^ ^y<«)(^)^W(^) + m„5-5,y/^';\/?)4«;(/?) 

where /, j run over the three flavour indices and m, n run over the KK number. The physical masses 
are then found by acting with the unitary transformations i^^s = Ul,r4'l,r such that U^^MUr is 
diagonal. As explained in [68], Ul,r is found by diagonalising MM^. Hence at tree level there 
is a mixing between the KK fermions and the fermion zero modes. One would expect that this 
would lead to a violation of unitarity in the observed CKM matrix caused by a combination of the 
truncation to zero modes as well as a modification in the fermion couplings. However in practice 
this potential deviation from unitarity is found to be small ||69ll and dominated by the deviation in 
the fermion couplings. Bearing in mind that corrections from the KK fermions to the fermion zero 
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Figure 3.1: The range of possible masses of the fermion zero modes in the RS model with Q = 
1015. 



mode masses will be of order 0{v^ /M^^), then one can see that, if Mkk ^ v, it is reasonable to 
take a zero mode approximation and neglect the fermion KK modes. 

If one considered just the zero modes then the mass matrix has a clear product structure, i.e. 
Mij ~ Uibj, which can be diagonalised by {UiJij ~ ^ and {URjij ~ ^ ||69l . Hence one would 
anticipate that Eq. |3.4| would be diagonalised by 11691170117111 

{UL,R)ij ~ (^ij^ (3.6) 

//,«(^) 

where Uij is related to the Yukawa couplings, Aij. Hence, if one assumes purely anarchic couplings 
(i.e. there is no hierarchical structure to /l,y), the RS model predicts that the off diagonal terms in 
the CKM matrix (Vckm = U^'^U'^) will obey the relationship 

Vub-VusVcb and Vrd~Vt,Vcd. (3.7) 



This is in partial agreement with the observed values in Eq. 6.46 Although one would anticipate 
such a relation arising in any model of flavour in which the SM effective Yukawa's arose from 
some product structure between iJ/l and iJ/r. It also does not hold completely, since one would then 
anticipate Vub, td ~ 0.009. Nonetheless it is a promising zeroth order result. 
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3.2 Flavour Changing Neutral Currents 



Inherent in the above description of the hierarchy of fermion masses is the requirement that differ- 
ent generations of fermions are located at different points throughout the space, i.e. have different 
bulk masses. This would then give rise to non universal gauge fermion couplings and FCNC's at 



tree level. Such processes occur in the SM at loop level (see figure 3.2(a) i but are heavily sup- 
pressed by the GIM mechanism. They have also typically been measured to a reasonable level of 
precision and found to be in agreement with the SM, particularly with regards to - mixing. 
Hence FCNC's often give rise to very stringent constraints on new physics. 





(a) SM contribution to FCNC's. 



(b) FCNC's arising at tree level from the exchange of 
KK gauge bosons. 



Figure 3.2: Feynman diagrams contributing to FCNC's. 



Here we will primarily study kaon physics however it is straight forward to extend this ana- 
lysis to, for example, B physics |[72l [731 . As already mentioned, in extra dimensional scenarios 
FCNC's arise, at tree level, through the exchange of gauge fields with non universal gauge fermion 



couplings (see figure 3.2(b) i. Hence it is convenient to integrate out the full tower of gauge fields 
to arrive at the 4D effective Hamiltonian written in terms of dimension six, four fermion operators, 
see e.g. 11741 



(3.8) 



i=\ 



where 



sd _ 



ef - (dLSRXdLSR) 

Qf = {dl^Msp 



Qf = (dRsMsL) 

Qf = id^AH'T) 

ef - (dRSOidtSR) 

Qf ^ {d"/,){d^^sl) 

and a and yS are colour indices. The size of most of the relevant observables are then determined 
from the Wilson coefficients of these operators. The current, model independent, bounds on these 
coefficients are given by 1,61,1 as; We now consider the gauge fermion interactions in the five 
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Parameter 95% allowed range (GeV ^) 


Parameter 95% allowed range (GeV ^) 


Re Ci [-9.6, 9.6] x 10 " 

Re C3 [-6.0, 5.6] x lO^^^^ 
Re C4 [-3.6, 3.6] x 10"" 
ReC5 [-1.0, 1.0] X 10"^"^ 


Im Ci [-4.4, 2.8] x 10"" 

Tm r 1 Q ^1 V 10^1^ 
im C2 L -'•^5 X lu 

ImCs [-3.1, 1.7] X 10"'^ 

ImC4 [-1.8, 0.9] X lO-''^ 

Im C5 [-5.2, 2.8] X 10"" 



Table 3.1: Model independent bounds on coefficients of four fermion operators |[6Tll . 



dimensional SM, after gauging away the fifth component of the gauge field and working in the 
gauge eigenstates, 

S= a^b (g{W;f^^ + W;7(;_ + Z^4) + eA^4^ + gsGp^^^^) . (3.9) 

Here we are working post spontaneous symmetry breaking with the gauge fields and couplings 
defined in the next chapter. The fermion currents of relevance to kaon physics are then given by 

tW+ 1 - 7 tW- 1 1 



1 2 



1 1 



, 1 



^ +:^ULiy^iUu + :^URiy,_,URi - ^duyMdu - i^dmy^dRi 
7^™" D uuT"yf,uu + URiT^'y^URi + duT"y^tdu + UdiT"y^,Udi 



2 3 



where Sw is the weak mixing angle. Rather than integrating out each KK gauge field individually, 
here it is easier to integrate out the extra dimensional component of the gauge propagator ob- 



tained in section 2.2.4 Hence the dimension six operators that appear in the low energy effective 



Hamiltonian, from diagrams of the form of figure |3^(b)[ will be given by 
•^eff^ 



^Jdrjdf a\r)b(r) 



g'f^{r)Gf\u,v)jl{f) + e'j^^{r)Gf'^jf{f) 



a^{f)b{f). 



We now rotate into the mass eigenstate with the unitary matrices Ul^r and define the integral 

{UinU.f^ £ dr £ df^^^4ir)f^(r)df^^^^ v) 



ll/kXl^mCTn 



b(r) 

x//(r)/^(r)-^ 
s air) 



(3.10) 
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where ifj,x, ^,cr = L,R and /, j, k, I, m, n are flavour indices. If we now use the Fierz identities 

{^L,R'f4'L,R) [xL.Ry,iXL,R) = {'I^L,R7''XL.r) [x URJ ti^jj L.r) 

i^kRy'^^R) [xLytiXi) = -2 {4irxl) (xl^/r) 

(ry^'T^i^^p) (FrpT^;y ) = h ((-A^r^-A^) (¥y^^'') - ^. iry^r) (¥y^^'')) 

then the Wilson coefficients for the tree level exchange of KK gauge fields are given by 

\2 



j(Z) e2 j(A) 

LdLsL^jLs 18 L^LsLdLs 



- e'CLLrfL, + 24(2 

"^1 6 ^RARdR, ^ l&d RdR.RdR, 18%R,Rrfi?, 
C4 = -gl AdL.RjR, 

"-5 3'^LdL,RdR,^ 34 \2 3 '^v^'f L^L 



9 %iL,RdR, 



with C2 = Cj = 0. Having obtained these coefficients the observables of interest can be computed. 
For example two important observables in the - system is the difference in masses of the 
two eigenstates Kl and Ks, /^niK = 3.483 ± 0.006 x 10"'^ MeV and the measure of CP violation 
in the system \eK\ = 2.228 ± 0.01 1 x 10^^ [4|. These are given by If72ll70ll 

AmK = 2Re < K°|'H^^=^|K" > (3.11) 

and 

eK = "'"''^ Im < K«|-K;^=2|K° > (3.12) 

V2(Amjf)exp 

where ip^ = 43.51° and - 0.92, while 



< K'\Qf\K^ >= 

\md+ms) 4 
\m4+msj 12 

and niK = 497.6 MeV, fa = 156.1 MeV. The hadronic matrix elements and quark masses are run to 
a scale of the mass of the first gauge KK mode (~ (2 - 3) x Mkk) 1751 . While there is considerable 
uncertainty in the SM prediction for these observables, for example (eA')sM - 2 ± 0.5 x 10"^ 
11761 . the point is these observables are suppressed by the GIM mechanism and hence must also be 
suppressed in any beyond the standard model scenario. 

For fear of losing sight of the physics behind these slightly cumbersome expressions it is worth 



rewriting Eq. 3. 10 in terms of the gauge field KK expansion Eq. 2.32 



n ij=l ' n 
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1 TpV 
1 IC V 


J LC V 


1 TpV 
IW IC V 


J>U IC V 








U.^o^ / 


^74zL 


tS2 


U. jZj J 




u.^ /uj 


U.'4-JOJ 


S3 


0.00736 


-0.01963 


-0.04018 


-0.05349 


B4 


0.938 


0.938 


0.938 


0.938 


B5 


-0.3358 


-0.3725 


-0.4041 


0.4273 



Table 3.2: Hadronic matrix elements for kaons. 

where we have introduced the relative coupling of the KK gauge field to the fermion zero mode 
defined to be 

J "'^ aJL,R J"Jl,R 



7(n) 
L,R if) 



fo 



(3.14) 



where /„ is the KK gauge profile (Eq. |2.23 1 and fo is the flat profile of the zero mode of a massless 
gauge field 



fo = 



(3.15) 



bdr 



If one neglects EW corrections then the dimensionful five coupling can be equated to g^/^ « 4nas, 
S^/q * 4to/5^^ and e^/^ = 4na. Hence gives the gauge fermion coupling relative to the SM 



coupling. These couplings have been plotted in figure 3.3 for the RS model. 




Figure 3.3: The relative gauge fermion coupling for the RS model with Mkk = 1 TeV (solid 
line) and Mkk - 3 TeV (dashed line). Plotted on the left is the first (blue), second (green), third 
(red) and fourth (magenta) gauge KK modes. On the right is the coupling of the zero mode of 
the Z boson. Note on the left hand side the relative coupling for 3 TeV is indistinguishable from 
coupling for 1 TeV. Q = 10^^ 
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Turning back to Eq. 3.13 one can see that if one had universal couplings (i.e. was constant 
for all generations) then the unitary matrices would act on each F'^ and the off diagonal terms 
in '^i^iii would be zero. Hence the extent to which FCNC's are suppressed is determined by 
the size of the non universalities in the gauge fermion couplings. We can now see the so called 
'RS-GIM' mechanism. As mentioned in the previous section the light fermions will sit towards 
the UV tip of the space {cl > 0.5), while the KK gauge fields will sit towards IR tip of the space 



and hence the gauge fermion couplings will be quite universal (see figure 3.3(a) with cl > 0.5). 
In other words the same mechanism that is used in order to generate fermion masses many orders 
of magnitude lower than the Higgs VEV would also suppress the FCNC's. In fact it can be shown 
that all four fermion operators are suppressed, to some extent, by this mechanism ll60ll . The only 
operators for which the suppression is not sufficient are the operators responsible for proton decay, 
qqql. However these operators can be suppressed further by using the enlarged Lorentz symmetry 
that one obtains in spaces of more than five dimensions |[38l . 



3.3 A Numerical Analysis of the RS Model 

In order to see the extent to which FCNC's are suppressed here we shall once again restrict our 
analysis to the RS model. The price to pay for using extra dimensions to describe flavour is one 
has a significantly enhanced parameter space. If one ignores, for the moment, the possibility of 
different geometries then in addition to the Yukawa couplings one also has the bulk mass paramet- 
ers. Assuming flavour diagonal bulk mass terms then the quark sector is then described by two 
3x3 complex Yukawas and 9 bulk mass parameters giving a 45 dimensional parameter space. 
While in the 5D theory this is only 9 more than the SM. However one can no longer absorb many 
of these parameters with field redefinitions and hence these parameters become physical. 

At the very least one should fit to the six quark masses, the three CKM mixing angles and the 
CP violating phase of the CKM or equivalently the Jarlskog invariant. Ideally one should also fit 
to all observables taken from D° - D" mixing, - mixing and - mixing as well 
as their many possible decays. Hence while such models of flavours are constrained and hence 
predictive, it is in practice computationally challenging to carry out a comprehensive study. Also, 
since many of these processes have relatively large experimental uncertainties, such a study would 
be dominated by the mixing angles, quark masses and Jarlskog invariant. 

The approach taken here is to find points in parameter space that give the correct masses, 
mixing angles and Jarlskog invariant and then compute relevant observables, in particular ex- The 
standard approach to this sort of analysis is to find a 'natural' set of bulk mass parameters (c 
values) and then to randomly generate a large number of 5D Yukawa couphngs. One can then get 
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an idea of the typical size of a given observable lISOllTTl . To be more specific, here we define a 
natural set of bulk mass parameters to be those that give the correct masses and mixing angles if 
there is no hierarchy in the Yukawa couplings. In other words if one generated a large number of 
anarchic Yukawa couplings the average masses and mixing angles should fit the observed values. 
With this definition, there is still not a unique set of natural c values. One can see, from Eq. 



3.6 that the mixing angles are determined from the spacing between the c values, in particular the 
cl values. Likewise given a set of cl values one can always find a set cr values that give the right 
masses. Hence in theory one can slide the correctly spaced c values from the UV to the IR branes. 
To investigate this, here we will consider four possible cl configurations which all have roughly 
the right spacing 

(A) CL - [0.69, 0.63, 0.49] (B) cl - [0.66, 0.60, 0.42] 

(3.16) 

(C) CL = [0.63, 0.57, 0.34] (D) cl = [0.60, 0.52, 0.25] 
Our method is as follows; 

• We first need to solve for the natural cr values. To do this we randomly generate 10 sets of 2 
complex Yukawas matrices such that 1 < \Ajj\ < 3 and for each solve for the corresponding 
Cr values by fitting to the quark masses, run to a scale of the mass of the first KK gauge 
field0 To avoid any hierarchical Yukawas the cr value used are then the median average. 



These values are plotted in figure 3.4 



Having obtained a set of c values we proceed to find 50 random Yukawa matrices that 
all give the correct masses, mixing angles and Jarlskog invariant. For these 50 points the 
four fermion coefficients are computed and relevant observables are calculated. As already 
mentioned some of the tightest constraint often comes from eK which is plotted in figure 



We also compute the fine tuning parameter 11781 

Pj AOi 



(3.17) 



in which the observables Oi run over the masses, mixing angles and Jarlskog invariant, 
while the input parameters run over the Yukawa couplings. While pj runs over the input 
parameters, in particular the Yukawa couplings. The average over the fifty points is plotted 



in figure 3.6 This will, as the name suggests, give a measure of the sensitivity of the output 



parameters to changes in the input parameters. Conventionally one requires that A^g < 10. 

' The light quark masses are run from their values at 2 GeV using m,(yu) = m,(2 GeW)r]^^ rj^^ r]^ , where 774 = 
-24^, „5 = and m = The running of or, is taken from l75l . 

■i(2 GeV) ' " a-s(ni,) ° ^ ■ ' 
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M^^ (TeV) 



(c) 



(d) 



Figure 3.4: Natural bulk mass parameter in RS model for configuration (A) in blue, (B) in 
green, (C) in cyan and (D) in red. The values are equivalently spaced to but with 



e [-0.64,-0.76] and 4' € [-0.62,-0.72] 



Finally this is repeated for a 100 random KK scales in the hope that one will make a relat- 
ively unbiased scan over parameter space. 



Bearing in mind that the black constraint in figure 3.5 represents the observed value, which 
would include the SM contribution 2 ± 0.5 x 10"^ ||76l . then ex looks to be providing a significant 
constraint on the RS description of flavour. Analogous studies computed that this constraint forces 
the mass of the first KK gauge field to be > 10 TeV d, > 22 TeV S or > 30 TeV UTO) 
depending on what one considers an acceptable level of tuning. Essentially the problem lies in the 
fact that in order to generate the heavy quark masses, in particular the top, some of the zero mode 
profiles have to sit towards the IR brane and in the region where the fermion couplings are not 
universal. Hence the constraints can be reduced by sending c^^ as close to -0.5 as possible (i.e. 
configuration (D)), but this typically results in requiring slightly more tuning to achieve a valid 
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Figure 3.5: e/f in the RS model. The colours are the same as those used in figure 3.4 The mass of 
the first KK gauge field will be « 2.45 Mkk- 
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Figure 3.6: The Fine Tuning Parameter for the RS model. The colours are the same as those used 
in figure [34 
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point. 

It is important to realise that all this assumes that there is no hierarchy in the Yukawa coup- 
lings. As already mentioned it is necessary to include a slight hierarchy in order to generate the 
small value of Vuh- Although clearly if one introduces too large a hierarchy then one has not ex- 
plained the fermion mass hierarchy using the fermion's location. Likewise one can reduce these 
constraints by either increasing the overall size of the Yukawa couplings which can lead to a loss 
of perturbative control of the model or alternatively introducing some flavour symmetry into the 
Yukawa couplings 11791 . Although it is not clear if this flavour symmetry is compatible with the 
assumption of diagonal bulk mass terms. 

We should also comment on the fact that here we have focused on A5 =2 observables in the 
kaon sector. More comprehensive studies have found that including AF = 1 observables narrows 
the allowed parameter space. In particular observables which are more sensitive to operators such 
as iq'ij'^qiXq'yfjq') and iq'i^y'^qjfXq'yiiq') will be more sensitive to where one slides the c values. 
Hence one would anticipate that including any potential future measurements of, for example, 
AB = 1 decays will significantly reduce the viable parameter space. 

While these constraints look serious it is worth bearing in mind that, due to the enlarged 
parameter space, these constraint are very dependent on what one considers an acceptable level of 
tuning. One should also compare these constraints with those of flat universal extra dimensions. 
There analogous constraints force the KK scale to be Mkk ^ 5000 TeV |[80l . We shall now 
move on to consider the constraints coming from the EW sector. Typically one finds that these 
constraints can not be significantly reduced by finding special points in parameter space, although 
they can be reduced a little [81J- 
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Chapter 4 



Constraints from EW Observables 



Here we will consider models in which electroweak symmetry is broken by a Higgs localised 
towards the IR tip of the space. It is worth mentioning that extra dimensional models offer a 
number of alternatives to including the Higgs as a fundamental scalar. One possibility which was 



mentioned in section 2.2.1|is to ascribe the Higgs to the fifth component of a gauge field 



ITTl . Another possibility, referred to as Higgsless models |[82ll83]| . is to choose boundary conditions 
such that only the photon gains a zero mode. The W and Z bosons will then be combinations of the 
first KK modes and hence massive. A third possibility, which has not attracted as much attention, is 
to consider geometries in which J drb is divergent and fo = N h not normalisable. This forces the 
gauge fields to gain a mass, however it leads to a non renormalisable theory and as far as the author 
is aware a realistic model is yet to be formulated |[84l . While these are interesting possibilities 
they are simply not studied here, although the Higgsless model in generic backgrounds has been 
considered in [i85i. 



4.1 The Location of the Higgs 

If one accepts that EW symmetry is broken by a Higgs one must then determine the location of that 
Higgs. In the original RS model the Higgs is strictly localised to a 3-brane in the IR tip of the five 
dimensional space. From the holographic perspective, this would be dual to a four dimensional 
conformal field theory in which the conformal symmetry is broken by an IR cut off. The Higgs 
must then emerge, in the low energy theory, as a bound state out of the strong dynamics of the 
field theory |[T2l . Hence this picture is very closely related to the walking technicolor model of 
EW symmetry breaking. However if the Higgs is free to propagate in the bulk then this scenario 
would be dual to a field theory with additional operators and hence the Higgs must be viewed as 
a mixture of bound states and fundamental fields. Also, with the Higgs propagating in the bulk, it 
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can become more difficult to resolve the gauge hierarchy problem. 

If we now consider a scenario with more than five dimensions in which, in order to resolve 
the gauge hierarchy problem, the Higgs is at least partly localised in the IR, this then presents two 
possibilities. Firstly, that the Higgs could be localised to a 3-brane and hence not free to propagate 
in the internal manifold. So the EW sector would be described by 

S=J d'^x V=g[ - ^A^^^A^^ « - ^Bm^vB^^] + Jd'x^f^r [iD.Of - Vm] (4. 1) 

where g'f^ is the induced metric GmN^ff^y 6{r-rij:)d''^{(f>-(f>ir). Amn and Bmn are the field strength 
tensors for the SU(2) and U(l) gauge fields. 

The second option is that the Higgs is localised to a codimension one brane, i.e. localised only 
w.r.t r, and is free to propagate in the internal manifold. Hence the EW sector would be described 
by 

S = J ^^x V=G(-iAVA^^^' - IbmnB''^ + ^^^[l^.^'l' - Vm^j . (4.2) 

In computing the low energy effective action we are faced with two equivalent options, either 
to carry out the KK decomposition pre spontaneous symmetry breaking (SSB) or post SSB. Post 
SSB the boundary mass term will induce a non trivial EC but the resulting gauge field mass matrix 
will be diagonal w.r.t KK number. On the other hand pre SSB one can use the original Neumann 
or Dirichlet BCs but the Higgs terms will mix the KK modes, and hence the mass matrix will 
gain off diagonal terms. It is the latter option that we use here. Let us return to our two possible 



Higgs localisations. The first terms of the actions can be expanded as described in Eq. 2.21[ so the 
covariant derivative is now given as 

D,=d^ + Y, {-igfnQnAf'V - iYg'f„@nBf) . (4.3) 



After SSB the Higgs gains a VEV, O ^ 
itions 







v + H 



. We now perform the usual field redefin- 



where 



A^(n) _ yin) aW An) _ An) y(n) 



c = ^ s = (4.4) 



/2 



The gauge field mass matrices can then be computed from the Higgs kinetic term. We can now see 
the difference between the two scenarios. When the Higgs is localised to a codimension one brane 



(Eq. |4.2[ ) and if one assumes the Higgs VEV has a fiat profile, then the KK modes with a„ i= 
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will not mix with the gauge zero modes (with = 0) due to the orthogonality relation Eq. \2.22 



Hence only the KK modes with a,, = will contribute to the mass of the W and Z boson zero 
mode obtained from 

2 2 2 '2 2 



n,m 



where /„ = /„(rir). On the other hand, where the Higgs is localised to a 3-brane, Eq. 4.1 the 
orthogonality relations cannot generally be applied and hence one gets a mixing between all of the 
KK modes. The zero mode masses of the W and Z bosons will hence receive corrections from all 
of these modes 

\D,^f D J] ^-^f„@J,„@^W;'"^W-^'-^^ + ^-^-^^^f,@„f^@^z';^Z^('-^ (4.6) 

n,m 

where 0„ = 0„(0ir). This scenario gives rise to two problems. Firstly one must know the geo- 
metry of the internal manifold before estimating the corrections to the EW observables. This can 
introduce more free parameters and more model dependence into any analysis making the model 
less predictive. The second, more serious, problem is that in order to compute any observable one 
must sum over all the KK modes that are contributing. Where such a sum involves 'more than one 
KK tower', this sum will involve a sum over multiple KK numbers and will typically be divergent. 
For example in two flat dimensions 



which is divergent. Hence one is forced to impose an arbitrary cut off in the KK number. Any 
results will typically be dependent on this cut off BtII . One would hope that such divergences 
would be resolved by some high energy physics. However such high energy physics would also 
offer corrections to the KK profiles and equivalently the low energy phenomenology. The size of 
such corrections would of course be model dependent. For example the corrections to the graviton 
propagator, when this divergence is resolved by a UV fixed point, was found to give sizeable 
corrections to the low energy phenomenology JSUEI- Hence here we would argue that when 
the Higgs is not localised to a codimension one brane the EW constraints, computed using this 
perturbative method, is susceptible to unknown inaccuracies. 

There is also a third problem with considering particles localised to branes of codimension two 
or higher. Notably matching solutions of the Einstein equation across these branes typically give 
rise to singular solutions. While there are known solution to this problem such as in six dimensions 
the inclusion of Gauss Bonnet terms |[88l . None the less the construction of realistic models with 
codimension two branes is not trivial. 
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4.2 A Perturbative Approach to EW Corrections 



In carrying out the KK decomposition pre SSB one finds that the coupling to the Higgs mixes the 
KK modes and the W and Z mass matrices gain off diagonal terms. In particular 



2 2 



i^W^fnn ~ ^n^nin "I Z fnfm i^z^'n" ~ ^n^rnn "I Z fnfm- 



(4.7) 



when the Higgs is localised to a codimension one brane or when the Higgs is localised to a brane 
of codimension two or higher then 



2 2 



2 2 ^ 2 2 



fn®nfm®n 



(4.8) 



Bearing in mind the multiple solutions of Eq. 2.24\ fn&nfmQm will now be block matrices. In other 
words, for notational simplicity, we have again denoted multiple KK number indices as n. At tree 
level the W and Z zero mode masses will then be the lowest eigenvalues of these matrices. When 
the KK scale is larger than the EW scale one can use a perturbative approximation to diagonalise 
these mass matrices |l89l|90l. In particular given anN xN symmetric matrix 



M 



Ai B\2 Bi3 
B\2 A2 B23 
Bl3 B23 A3 



B 



, Bin An ^ 

where A„ » B^m- Then the nth eigenvalue is approximately 



N 



A„ ~A 



Bi 



N N 



BniBn jBij 



" Zj A,- - A„ ^ ^ (A; - A„)(A ; - An) 



+ 0(A~^) 



If M is diagonalised by the unitary matrix U i.e. 



B^ 



N N 



,u ^ y y BnjBnjBjj 



+ . . 



Then by acting on each side with U , one finds that 



Unn - 1 and Ui, 



-Bi, 



N 



BnjBij 



Ai Af, -4—^ (A; Afi){Aj Afi) 



+ 0{A~^) 



or 



U' 



1 

Bi2 



A2-AI A3-AI 



Ai-Ai 1 
A3-A1 A3-A2 



B23 
"A3-A2 

I 



(4.9) 



(4.10) 
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We define the quantities 

,2 , „/2n,,2 „2,,2 



2 _ (g + g )V .2,^2 . 2 _ g^ .2<;.2 , 1^ 

z = /o®o and m„ = — Jo^o (^-H) 



as well as 



/o(nr)0o(0ir) 

As mentioned in the previous section, if one is working in five dimensions or if the Higgs is 
localised to a codimension one brane then clearly F„ - fnir^)! kir-u)- The mass eigenvalues will 
then be given by 

(( 2 \^ 
m -^.y I « m„ + m-^,r „ - ; / + Oiin'^) (4.13) 



where the mass matrices have been diagonalised by 



4.3 Estimating Corrections to EW Observables 
4.3.1 Fixing the Input Parameters 



The expressions in Eq. 4.13 and Eq. 4.14 are of course dependent on the unknown higher dimen- 
sional couplings g, g' and the Higgs VEV v. So before one can compute the relevant corrections 
to the EW observables it is necessary to fix the input parameters. In an ideal world one would 
carry out a full test including all known observables. However three observables stand out as 
being known to a significantly higher precision and therefore one would anticipate that they would 
dominate any test. These observables are ||9T]| , 

a{MzT^ - 127.925 ± 0.016 Gp - 1.166367(5) x 10"^ GeV"^ Mz - 91.1876 ± 0.0021 GeV. 

(4.15) 

By matching to observables at the Z pole, we are assuming that the running of the fine structure 
constant, below the Z mass, is dominated by SM physics. Arguably if this were not the case the 
size of the EW corrections would mean the model was not phenomenologically viable. The Z 
mass has been primarily taken from the location of the Z pole in LEP one data and hence can be 



matched directly to the lowest eigenvalue of Eq. 4. 13 



Ml = (UziMl)U'^\^ (4.16) 

However the fine structure constant and the Fermi constant have been most precisely measured 
using the anomalous magnetic moment of the electron and the rate of muon decay ju^ v^e~Ve. 
In both cases it is important to consider the location of the fermions. 
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If one allowed the fermions to propagate in the bulk and made the KK decomposition i}/i r = 
Yjn /lr^'^lr'^'^lr ^^^^ could quite generically define the gauge fermion coupling to be 

finM^ J d'-^a'bc'^fl^le';:],f,ejS^'[;l. (4.17) 

Of course if the fermions were localised to branes of codimension one or higher then one would 
simply include delta functions in the above integral and reduce the number of KK numbers in- 
cluded in n, m. The extreme case would be if the fermions were localised to 3-branes, in which 
case 

j.(nM ^ j-iD ^ f^^ri,/,,)Qi{4>ir/u.). (4.18) 

It was demonstrated in the previous two chapters that when considering bulk fermions one can 
quite generically include a bulk mass term which determines where the zero mode profile would 
be peaked. It is also a generic feature of warped models, that resolve the gauge hierarchy problem, 
that the KK modes would be peaked towards the IR tip of the space. Therefore if one anticipates 
that the light fermions are sitting towards UV tip of the space then they will have approximately 
universal couplings to potential KK modes, be that gauge modes, gauge scalar modes or KK Higgs 



modes (see figure 3.3 ). Of course one could envisage scenarios in which this is not the case, but 
arguably such a model would not be phenomenologically viable due to potentially large FCNC's. 
Hence here we will make the assumption that 

^0,„,0) ^ ^0,«,0) ^ ^(0,„,0) ^ ^(0..0) ^ f^^^^^^ 

With this assumption it is possible to fit the remaining two observables which, at tree level, would 
be given by 

= ^^fr'' - ^'"'"^ (4-19) 
4 ^^2Gf = g^if^-^'V (M^ );J ff-°). (4.20) 



4.20 



would be the mass 



Here there has been a slight abuse of notation, in that the in Eq. 
matrix of all the negatively charged bosons that couple to the light leptons, where as Eq. |4.13| only 
the charged gauge fields that mix with the W zero mode. Where these two expressions are not 
equivalent one should be careful to include the additional contributions to the EW observables. 

4.3.2 Computing Corrections to EW Observables 

Having fixed the input parameters one can proceed to compute the constraints arising from EW 
observables. The first approach, we shall consider, to EW precision tests is to simply compare 
observables with SM predictions. In particular here we shall focus on Z pole observables measured 
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at SLC and LEP one. The advantage with focusing on the Z pole is here one would anticipate that 
any observables would be dominated by the Z zero mode. Hence such observables will be less 
sensitive to unknown aspects of a given model such as, for example, the contribution from the 
gauge scalars. Corrections to such observables occur at tree level for three reasons. Firstly one 



gets a corrections to the Z mass (Eq. 4.13 1, secondly one gets corrections to the Z coupling (plotted 



for the RS model in figure 3.3(b) i 



An) - TT-\ f (0,1,0) 



(4.21) 



and thirdly one gets corrections to the ratio of the couplings, essentially due to fz ^ -f^ ■ 

The relevant Z pole observables include the Z mass and partial decay width llH |92l 



Z—>ii/i// 



4S7I 



if, 2 



+ 



(4.22) 



as well as the polarised asymmetry measured at SLC 



V - ^ 2 , ^2 



and also the ratios 



Ri 



•had 



Z^ll 



(4.23) 



The Z couplings are given by table 4.1 









4 










e,fi, T 


1 

2 


+ 24 


1 

2 


u, c, t 




4 2 
— - V 
3 z 




d, s, b 


1 

2 


^ 3 Z 


1 
2 



Table 4.1: The couplings of the Z boson, to SM fields. 



with 

„' 2 



4 = -i^^- (4.24) 

4 can also be used as a 'pseudo' observable obtained by taking a best fit over a range of Z pole 
data g'\Mz)l{f{Mz) + g'^(Mz)]. Although the weak mixing angle can also be defined using 

2n 2. 2 2 na{Mz) lept 1 I, Sv 
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ivi v^vjc V } 




so ^7^ + 001^ 


7q 89 + 0048 


A Z V ; 




9 4Qfi8 + 0010 


9 41 69'^ + 000^1 


T(hnrl\ (GpV\ 
1 yiiLiti J v^vjc V ^ 


1 7444 + 0090 


1 74^4 + 0010 


1 6687 + 0009S 


i \illv) ^^iVlC V ) 


AQQ + 1 S 


SOI SQ + OS 




Td^l'^ (MeV\ 
L L J yiyi^ V J 






9Q + 0083 


Re 


20.804 ± 0.05 


20.758 ±0.011 


20.03 ± 0.0010 


Ae 


0.15138 ±0.00216 


0.1473 ±0.0011 


0.1304 ±0.00045 


4 


0.23119 + 0.00014 




0.2336 ± 0.00006 



Table 4.2: The SM predictions and Observed values of eight EW observables. The tree level SM 
predictions have been computed directly from the input parameters a{Mz), Gf and Mz- 




-1 -0.8 -0.6 -0.4 -0.2 0.2 0.4 0.6 0.8 



Fi gure 4. 1 ! The constraints on the 5D RS model with the SM propagating in the bulk. Plotted is the lower bound on 
the first KK gauge mass (~ 2.45Mkk) arising from comparison with experimental error on the EWO's; 4 (Red Une), 
Mw (blue line), Tz (green line), Ti,„d (black line), Rf (blue dots), F,,,,. (red dots), F/t/- (green dots) and (black dots). 
On the horizontal axis is plotted the 5D Dirac mass, in a slight change of notation, M = -ck and hence c < -0.5(> -0.5) 
results in the fermions being localised towards the UV (IR) brane. fl = 10'^ (9U\. 



The approach taken in this analysis is to then compute the tree level contribution to a particular 
observable and insist that the deviation from the tree level SM result is within 2cr of the exper- 
imental uncertainty in the observable. The observables found to give the tightest constraints are 
listed in table lO 



As way of an example the constraints from each observable is plotted in figure 4.1 for the 5D 
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RS model. In all cases considered it is found that the tightest constraint comes from the weak 
mixing angle. It would be useful to try and find an analytical expression for such corrections. 



If we begin by combining Eq. 4.19 and Eq. 4.20 to get 

na Jtfi y^^^W'nmJijj 



Sv = 



^Gf 



'f 

But the inverse of the W mass matrix has the relatively simple form 



(Ml)-' = 





Fi 


Fi 


,n\ 


2 


Fi 

2 


1 







m- 









1 

2 









where 



Here we have expressed the inverse of the mass matrix using only KK number although clearly the 
result generalises to when 'more than one KK tower' is contributing. We have also assumed that 
only W bosons are contributing to muon decay. Although again it is straight forward to include 
additional particles. Hence if we define 



AO,n,0) 
Jij/ 

Ji/i 



(4.25) 



then the weak mixing angle is given by 



na 



V2G. 



1 ^^ i^'^-^r) 

2 2 



(4.26) 



We can solve for by noting that = m^(l - Sy) and using that 



The weak mixing angle is then given by 



^2 _ „2 Zj 



m„ 



mt, 



+ 0{m-/) 



(4.27) 



It is possible to express all of the above observables using these expansions. For example the W 
mass is given from Eq. |4.13 1 to be 



Ml, ~ ml 



fi=i 



mjFl _4 
— + 0{m„ ) 
m„ 



^ml{l-AMl). 



48 



Again one can express 

ml^clMl{\ + AMl){l + Acl) 

and therefore 



1 + 



{ml - ml)Fl si { mlFl ml (f„ - Pf)' ^ 



2 2 _ 2 

yn„ c p Sp 



2 2 



+ 0{m-^) 



Note the W mass is always shifted up, relative to the SM prediction, which is in agreement with 
current best fits on the W mass. 

This approach of comparing to a selection of Z pole observables offers a deliberately con- 
servative method. Arguably one has more control over the assumptions made. In particular the 
neglecting of the beyond the standard model loop effects and the assumption of universal gauge 
fermion coupling. As discussed in the previous chapter, assuming the muon and electron coup- 
lings are universal is far more reasonable than assuming that the top coupling is universal. None 
the less it is possible that this approach is too pessimistic. It does not include anomalous results 
such as the anomalous magnetic moment of the muon and it is possible that if a full test was 
completed a more favourable point in parameter space could be found. 

4.3.3 The S and T Parameters 

The more conventional approach to computing the size of constraints from the EW observables 
is to compute the Peskin Takeuchi S and T parameters [I93II . The idea is that when the scale of 
new physics is much higher than the EW scale then one can integrate out the additional particles, 
typically using the on shell equations of motions. This new physics can then be described by a 
set of dimension six operators which can then be fitted to a selection of observables in a model 



independent fashion. It was this approach which was used in section 3.2 Of the 80 Lorentz 
invariant operators listed in 1941, that conserve lepton and baryon number, many offer no physical 
contribution to EW observables since their effects can be absorbed by suitable field redefinitions. 
Those that do contribute fall into five classes 



The four fermion operators, for a full list and their contributions see for example 195 

Operators that modify the gauge fermion couphngs, such as 

O^^ = /(<1)^D^(1))(«A/«A) 
Operators that modify the anomalous magnetic moment of the lepton 
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• Operators that modify the triple gauge boson coupling 

Oa = ^^'A^jAl^A'j^ 

• And operators that modify the gauge boson propagator 

= (O^D^O)(<D'''D''0) Oab = {<^^(J^^)A"^^Bi'\ 

These operators would of course be present in the SM but one would anticipate additional contri- 
butions coming from many beyond the SM scenarios which would in turn give rise to constraints 
on a given model. Of these operators it is typically found that the tightest constraints come from 
the last two 'oblique' operators, and Oab- The rescaled coefficients of such operators are then 
the S and T parameters 

a 2a 
S = .Cab, T = -^Cj. (4.28) 

The complete dominance of these two operators has led to many fits, to EW observables, being 
parameterised entirely in terms of these oblique operators. If one is working purely with oblique 
corrections, it is often convenient to express the EW corrections in terms of effective polarisation 
amplitudes such that the 4D effective Lagrangian is given by 

X = -^(1 - ii'^y,)w;,w^: - \{i - n^z)Z/.vZ^^ - ^(1 - n'^y)A,A^^ - n'^^A^^z,, 



+ n«,«,(0)j W;W'_ + \ [^Al^pf. + nzz(0)jz,Z/^ + J] /'P/D.'F. (4.29) 



+ 



Such a parameterisation has arisen by expanding the corrections to the gauge propagator in powers 
of momentum 

i{{p^) - n(0) + p^n'(O) + ^^n"(0) + . . . 

Of course changing the parameterisation of the effective Lagrangian will not change the scale of 
the corrections and so one can completely equivalently define the S and T parameters by 

5-16;r(n^3-ny 

^ = ^^(nii(0)-n33(0)). 

What is important for this parameterisation is to note that it assumes that the corrections to the 
gauge fermion vertex is negligible. One can consider the next term, in the expansion of the po- 
larisation amplitude, in order to parameterise any additional contribution to the gauge propagator 
from such gauge fermion couplings. This has given rise to additional 'oblique' coefficients being 
defined ||9l|93|98l 

Mir Ml, Ml, 

^ ~ 2 2 2 
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Returning to the extra dimensional scenario, then as already mentioned the W and Z gauge 
fermion coupling will receive corrections, at tree level, due to the deformation of the zero mode 



profile (Eq. 4.21 1. Therefore before one can compare to fits based on oblique corrections it is 
necessary to remove such corrections. If one again assumes universal gauge fermion coupling, or 
equivalently that all the fermions are sitting at the same point, then one can make a field redefini- 
tion to absorb these non oblique corrections |99| 
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One can then simply match the resulting Lagrangian for the gauge zero modes to Eq. 4.29 to get 
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and hence the tree level contribution to the S and T parameters are 
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(4.30) 



The higher order terms that contribute to U, V, W etc. are zero at tree level. The above expressions 
come with a number of warnings. The sums in the above expression would be over all the KK 
gauge modes that mix with the zero modes via the Higgs interaction. As already mentioned, 
one could envisage many scenarios in which one has heavy particles, such as gauge scalars or 
orthogonal KK towers, that contribute to a given EW observable at tree level but would not be 
include in the above sum. Such particles would probably contribute to the 5 and T parameters 
at loop level, through for example the triple gauge boson coupling, but nonetheless one would 
anticipate that the above expressions would under estimate the EW corrections. In addition to this 
the assumption of universal gauge fermion coupling is probably only valid for the light fermions. 

Having said that the S and T parameters do offer a simple and convenient measure of the 
scale of EW corrections. The current bounds on S and T, quoted in H, are S = 0.01 ±0.1 and 
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T = 0.03 + 0.1 1 (Mh = 1 17 GeV) although a recent fit has put the bounds at S ^ 0.02 ± 0.1 1 and 
T = 0.05 ±0.12 (Mh = 120 GeV) ifTOOl . Let us consider, for example, the 5D RS model with 
F„ ~ 8.3, mi ~ 2.45 Mxk, and m2 w 5.56 Mkk- If the fermions are localised on the IR brane, i.e. 
F^"^ = F„, then it is straight forward to check that the tightest bound comes from the S parameter 
for which the 2cr bound is saturated when Mkk ^ 1 1 TeV in agreement with II101II102]| . However 



3.3(a) I and the 



if the fermions are localised towards the UV brane then f ^"^ w -0.2 (see figure 
tightest bound comes from the T parameter for which the 2cr bound is saturated when Mkk ^ 4 
TeV, |[T03l[T04l[T05l . 



4.4 A Bulk Custodial Symmetry 

The observation that the mass of the first KK gauge field in the RS model must be greater than 
about 10 TeV gave rise to what has been labeled a little hierarchy problem. Since the Higgs mass 
would be quadratically sensitive to this scale, it starts becoming questionable whether the RS 
model has in fact fully resolved the gauge hierarchy problem. Unlike the constraints from flavour 
physics, it is difficult to see how one can reduce the constraints by tuning the free parameters of the 
theory. One possible resolution to this problem is to note that in addition to the bulk Lagrangian 
one should also include a brane localised Lagrangian at the fixed points of the orbifold. As was 
noted in II106[ 11071 if such a Lagrangian includes large gauge field kinetic terms then the con- 
straints are significantly reduced. While this is a plausible explanation we will now consider what 
is arguably a more 'natural' explanation that is not dependent on the size of the free parameters of 
the model. 



If we start by considering the four dimensional SM in which the Higgs is a complex doublet 
under SU(2) 

/ ^ 



The Higgs Lagrangian 



is then invariant under a global S0(4) = SU(2) x SU(2) which is broken by the Higgs gaining 
a VEV ((cr)^ - v^) to SU(2). In other words before one gauges the SM it is invariant under an 
'accidental' global SU(2) x SU(2) symmetry which is referred to as a custodial symmetry II108L 

Under the holographic description of the RS model, global symmetries of the four dimensional 
theory should appear as gauge symmetries in the bulk [12]. So arguably in the bulk one should not 
describe the EW sector by SU(2)l x U(1) but rather SU(2)r x SU(2)l x U(1). 
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4.4.1 The Model 



The basic idea, first presented in ||99l . is to extend the bulk EW gauge symmetry to SU(2)/; X 
SU(2)l X U(l)x X Plr. The Pir is a discrete symmetry that interchanges the SU(2)l and SU(2)r 
gauge groups and fixes the couplings to be the same gt = gR = g- The coupling of the U(l)x 
field is denoted g'. We will denote the SU(2)r, SU(2)l and U(l)x fields as A'j^, and Xm- One 
then essentially has two Higgs mechanisms at work. Firstly on the UV brane one has a 'Planckian 
Higgs' that breaks SU(2)ij x U{\)x U(l)7 and hence mixing 

Zm = c'Al, - s'Xm and Bm = s'A]^ + c'Xm, 



where 



s' = ^ and c' - ^ (4.31) 



+ 



7' 2 



Although it is more intuitive to think in terms of a second Higgs gaining a VEV at the Planck 
scale, one can equally achieve this mixing using just boundary conditions I|1091I110]1 . In the limit 
that this VEV goes to infinity the EC's become 

Zm:(-+) a]^' :(-,+) Bm :(+,+) A^ :(+,+). 

Although we have denoted these EC's in terms of the parity under an orbifold, they refer simply 
to EC's w.r.t r on the UV and IR brane. For ease of notation we shall also denote fn{r)&ni<p) as /„. 
Hence the covariant derivative is now given by 

D,^ - + J] (-/^tM^("V« - igr'-^A'/^^'In - igc'r'zl^'fn - igs'r'B^^'f^) O. 

n 

The remaining S\J{2)l x U(l)y symmetry is then broken by a Higgs (now a bi-doublet under 
SU(2)z, X SU(2)ff) on the IR brane which gains a VEV at the EW scale, 



^ ^ 

y±H Q 



This then leads to the usual EW symmetry breaking and the field redefinitions 



where 



s' 1 
s = ^ and c = ^ (4.32) 

Vl+72 Vl+72 
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If we now carry out the KK decomposition, then the mass terms of the gauge fields will be given 
by 
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(4.33) 
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(4.34) 



Here has ( — 1-) EC's and mass eigenvalues m„ and /„ has (++) EC's and mass eigenvalues m„. 

is 



Again /„ now denotes the gauge Higgs coupling fnirir)&ni<pk)- AH the discussion of section 4.1 
equally applicable here and hence once again fnfm can potentially correspond to a block matrix. 

We can proceed exactly as before by perturbatively diagonalising the mass matrices to get the 
corrections to the zero mode masses 
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(4.35) 



where as before m„ = ^j-/o ■ 
4.4.2 Electroweak Constraints 



We saw in the previous section that of particular relevance to the size of the EW constraints is the 
difference between the corrections to the W and Z masses. At zeroth order in four momentum this 
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difference gives the T parameter, while at first order this correction gives the U parameter. This 



difference is also prevalent in expressions such as Eq. 4.27 

Bearing in mind the relations 1 - ^ ~ - ^ 
Fn = Fn and ni„ - fhn this difference, in Eq 



.'2 _ ,/2 
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is exactly zero at first order in m„ . In fact this 



cancellation continues to the next order of the expansion as well. 
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where now the last four terms cancel using the relations ^ - 1 = Is''^ + s'^ , c"^ - \ = -2s' + s 
and ^ - 1 = -s"^. So the custodial symmetry is said to be protecting the T parameter, hence the 
name. 

Even if these cancellations occur at every order in the expansion, as one would expect, it is 
important to note that in any realistic scenario the T parameter is never exactly zero. The reason 
for this is simply due to the fact that we do not observe the additional SU(2) force and hence 
it is always necessary to break the custodial symmetry. Here this breaking is done by imposing 
different boundary conditions on the SU(2)r fields than on the SU(2)l fields which in turn causes 
Fn and m„ to be different from Fn and m„. Although in the RS model this difference is typically 
small, e.g. mi ~ 2.45 Mkk while m\ ~ 2.40 Mkk- 

In addition to this the custodial symmetry does not generically protect the S parameter or the 
corrections to the gauge fermion couplings. Such couplings arise from the covariant derivative in 
iiJr'y'^Dijifr with 



n 

Where T^^, and Qx are the charges under SU(2)i« and U(l)x, while Q = + + Qx and 
= {T^j^ ± iTj^jf)- The charge assignments in models with a custodial symmetry are a little 
subtle since they must not only reproduce observed SM charges they must also adhere to the 
Plr symmetry. In particular this symmetry was introduced in order to protect corrections to the 



Zbibi coupling lllllll and hence the left handed quarks must be embedded in a bi-doublet of 
SU(2)/, X SU(2)r with = -T^- Here we are not concerned with a full phenomenological study 
but rather an estimate of the size of the EW constraints. If one is to parameterise these constraints 
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in terms of the oblique parameters then it is necessary to perform a field redefinition such that the 
corrections to the gauge fermion couplings are absorbed. So here we refer readers to 111091 II 101 
for a complete list of charge assignments and in what representations the SM particles sit. With 
such charge assignments it is found that the corrections to the gauge fermion couplings, of the 
fermions of relevance to EW observables a and Gf, can again be approximately absorbed by the 



field redefinitions 111 1211 
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Hence, as found in irTTllSSlfTTO]] . the tree level contribution to S parameter is approximately the 



same for the two models 
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(4.36) 



So in the RS model with fermions localised towards the UV brane, F^ « -0.2, the 2cr constraints 
from the S parameter forces Mkk ^ 1.5-2 TeV Il99l . It is interesting to note that studies that 
have included all the dimension six observables and taken into account the non-universality of the 
heavy quarks gauge coupling have resulted in a slight reduction in this constraint to Mkk <: 1 TeV 

Alternatively one can again compare directly with observables, where once again the tightest 
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constraint, on the KK scale, comes from the weak mixing angle, 
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Repeating the method of the previous section, but now with the enlarged mass matrix, one finds 
that 
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(4.37) 



In the RS model it is found that, with the fermions localised toward the UV brane, the constraint 
from weak mixing angle are slightly higher than from the S parameter, Mkk ^ 2.5 TeV. 



4.5 A Midpoint Summary 

The focus of this thesis has been to examine what possible spaces offer phenomenologically vi- 
able resolutions to the gauge hierarchy solutions, however up to now we have only focused on 
the 5D RS model. For such a model we have found that typically the largest constraints, on the 
size of the KK scale, come from K^^ - mixing although such constraints are dependent on the 
level of tuning one considers acceptable. We have also found that potentially large corrections 
to the EW observables can be removed by extending the model to include a bulk custodial sym- 
metry. However in extending this analysis to completely generic spaces one immediately runs into 
questions that are very model dependent. In particular how localised are the fermions, Higgs and 
gauge fields and what are the boundary conditions of such fields? The answers to such questions 
will in turn determine the answers to questions such as should one be considering Higgs mediated 
FCNC's II114L gauge-scalar mediated FCNC's or even gravity mediated FCNC's. Are some EW 
observables receiving contributions that are not included in the corrections to the gauge propag- 
ator? Or more specific questions such as, in the above expressions, when one sums over n how 
many KK towers are included in the sum. Such uncertainties are an unfortunate consequence of an 
attempts to consider completely generic spaces and must be answered for each model individually. 

None the less we are now able to make a number of statements which one would anticipate 
would hold for most spaces that resolve the gauge hierarchy problem. 

• Firstly we have broadly demonstrated that the tree level contribution to low energy phe- 
nomenology, from the KK modes of gauge fields, is essentially characterised by three quant- 
ities. Firstly there is the relative gauge Higgs coupling, which we define to be the VEV of 

FnFm = —r , (4.38) 

57 



although when the Higgs is locaUsed in the IR tip of the space, 

^" = 77^ - ^^^ = Tr^V (4.39) 

/o(''ir) /o(nr)0o(0ir) 

depending on whether the Higgs is localised to a codimension one brane or a lower dimen- 
sion brane. The second and third quantities are the relative gauge fermion coupling, 

and the mass of the KK gauge fields, m„. Of course it is always possible that a given 
observable will receive additional contributions from other aspects of an extra dimensional 
model. However here we suspect the above contributions will always be present. 

The contribution, from the KK gauge fields, to the scale of FCNC's will be determined by 
the level of universality of , w.r.t different flavours. While the scale of the contribution 
to EW constraints will be determined by the magnitude of F^"^ and f „. 



In section 12.31 it was demonstrated that in five and six dimensions the direction that the 
fermion zero mode is peaked towards is determined by a bulk mass term. It is reasonable to 
assume that if one can include such bulk mass terms and still obtain a 4D chiral theory then 
these bulk mass terms will always determine the location of the fermion zero modes. 

It is a generic feature of warped spaces, that resolve the gauge hierarchy problem, that the 
KK profiles of massless fields will typically be peaked towards the IR tip of the space. We 
will elaborate on this statement in more detail in the next chapter. 



Bearing in mind the form of Eq. 2.42 then, with the KK gauge modes sitting towards the IR 
brane, in five dimensions F^"^ will always run from F,^ to fnirm) / foifuv) (see figure 3.3(a) i. 



Hence, assuming that there is no limit to the size of the bulk mass parameter, then there will 
always exist two regions in which F^ is universal, one with the fermions sitting towards 
the UV brane and the other with the fermions sitting towards the IR brane. The RS GIM 
mechanism is based on the observation that the Ught fermions would naturally sit in the UV 
region of universality. 

While it is very possible that this also holds for spaces of more than five dimensions, this 
is not certain. For example it is possible that complex bulk mass terms could result in 
sinusoidal &f\ profiles which would lead to a more complicated relation between F^"^ and 
the bulk mass parameters. An interesting possibility, that has been beyond the scope of this 
thesis to investigate, is that in more than five dimensions there may exist more than two 
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regions of universality. Of course FCNC's would only be suppressed if all the SM fermions 
were in the same region. 



None the less if one assumes 

,(0) a^.c^ 



0(1) 



(n) 

then one would expect that < F„. Hence the value of F„ is critical in determining the 
size of the EW constraints. It would not be correct to say that the size of EW constraints are 
determined by the value of F„ since there will always be potential for unknown contributions 
from, for example, the gauge scalars. However one can say that if a given space has a large 
Fn value then one can expect that large EW constraints will force the KK scale to be quite 
large and arguably such a space can not be said to resolve the gauge hierarchy problem. 

In the RS model F„ ai 8.3 while in models with a universal extra dimension F„ = hence these 
models have much lower EW constraints. We will now move on to ask the question do all spaces 
that resolve the gauge hierarchy problem have large F„ values. 
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Chapter 5 



Alternative Spaces 



5.1 Fyi in Five Dimensions 



We start by considering generic five dimensional warped spaces, described by 

ds^ = airfrfdx^dxy - b^{r)dr^, (5. 1) 

that resolve the gauge hierarchy problem. In order for a space to off'er a potential resolution to the 
gauge hierarchy problem a number of features are required. Firstly we obviously require a large 
hierarchy between the effective Higgs VEV and the effective Planck scale. So if one assumes that 
there is no volume scaling between the fundamental Planck scale and the 4D effective Planck scale, 
that the Higgs is localised at r = r^^ and we define a{r^^^) = 1 we require that a{r{^)~^ - £l ~ 10^^. 
Of course one must be able to stabilise the space such that a large warp factor is achieved without 
fine tuning ||8l|. Here we are not interested in finding all the possible spaces that resolve the 
hierarchy problem but rather studying the phenomenological implications of spaces that do. Hence 
we will not consider the stabilisation mechanism but assume the space has already been stabilised. 
Secondly we require that all the dimensionful parameters of the theory have approximately the 
same order of magnitude. We are referring to the fundamental parameters such as the curvature. 



proper distance between branes and fundamental Planck mass (Mfund in Eq. 1.3 1 rather than the 
effective scales such as Mkk- Thirdly, since one would anticipate that the Higgs mass would be 
sensitive to Mkk> we require that Mkk ~ (9(TeV). 



We now consider a gauge field, with NBC's, propagating in this space described by Eq. 2.14 
which can be rewritten as 



a^b ^ exp 



n^^df 
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We can now solve for a{r) in terms of the gauge field profiles, 

-Kmlb{r) [b{f)fnif)df 
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(5.2) 
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where ^ is a constant of integration. However orthogonality with the zero mode implies that 

bf„dr = (5.3) 



r 



and hence under NBC's Eq. 5.2 is ill defined at the boundaries. So at the boundaries 

-Kmlb^{ri,/aw)fnirir/uv) 



a^Cnr/uv) = lim a^(rir/uv + e) = 



Using that a(ruv) = 1 and a(rii) ^ = Q. then one can eliminate K and m„ to get 



fn (Hr/uv) 
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Such an expression can be more simply obtained by simply considering Eq. 2. 14 at the boundaries. 
One can always perform a coordinate transformation 



b{r)dr 



such that b - \ and hence one finds that a gauge field, with NBC's, propagating in a space with a 
warp factor O must satisfy 
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Hence if at the boundaries of the space /„ » /" then one would anticipate in order to generate 
a large warp factor then /„(ruv) » fnirk) and the gauge profiles will be peaked towards the UV. 
Alternatively if at the boundaries f" » /„ then /"(Hr) ^ /„"(''uv) and the profiles will peak 
towards the IR brane. 

Alternatively we can consider the Ricci scalar of the space which (with b = 1) is given by 



which if one plugs in Eq. |2.14 then one finds that the profiles are related to the curvature by 



fn 
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(5.6) 



Clearly if a space has a large hierarchy between the curvature at the IR and UV tips of the space 
then it has not really resolved the hierarchy problem. Hence we require that "Rlr,^ ~ filr^^ or 
equivalently 
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Once again this appears to be satisfied when either /„(ruv/ir) » /"(''uv/ir) and /„(ruv) » fnirir) or 
/n"('"uv/ir) » /ji(''uv/ir) and fnirir) » /n"(''uv)- In Other words in order to 'pull down' the large warp 
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factors, the profiles will typically be heavily localised towards either the UV or IR brane. To see 
that the former option is not viable one must simply consider Eq. 2.14 giving 



/„"(ri,) + mlQ^Un,) = and /„"(ruv) + mlUr,,) = 



and note that m^Q^ will be of the order of the Planck mass squared. Clearly it is straightforward to 
repeat this for other types of fields. The point of all this is to emphasize that, in five dimensions, a 
consequence of a large warp factor is that the KK profiles will generally be very locaUsed towards 
the IR brane. In theory, one could write down counter examples although such examples would 
probably be quite contrived. Bearing in mind Eq. 2.42[ then if one can include a fermion bulk 



mass term and the KK gauge profiles are heavily IR localised, then there will also always be a 
region in which F^"^ will be universal. In other words the RS-GIM mechanism is also a by product 
of a large warp factor. If we consider F„ with the normalisation factors separated out, 

J fb drfnin,) 

Fn = ^ . (5.7) 

then one can see that in order to achieve, say, Ffj K 1 one needs the profiles to be close to flat. 
Therefore five dimensional models that resolve the hierarchy problem via warping will typically 
have large F„ values and hence suff'er from large corrections to EW observables. This conclusion 
was also reached using a different method in ||85]| . Of course the inclusion of a bulk custodial 
symmetry will result in the EW constraints being linearly dependent on F„ as well as the value 
of F^'\ One would anticipate that the magnitude of F^"^ would be sensitive to the bulk mass 
parameters and hence significantly more model dependent. 

To finish with a specific example one can consider a five dimensional space which is approx- 
imately AdSj but has been deformed in the IR 

ds^ = h'kr)jf''dx^dxy-hkr)dr^ with h{r) = \ -. (5.8) 

This space was introduced in II115II as a five dimensional approximation of the Klebanov Strassler 



solution [|15l . which will be discussed in more detail in section 5.2.2 AdSs is regained in the 



limit that fi = R' - 0. Using Eq. 2.14 it is straight forward to calculate the relative gauge 



Higgs coupling. This has been plotted in figure 5.1 One finds that there is little deviation from 



the RS values and hence one would anticipate that the size of the EW constraints will not differ 
significantly from that of the RS model. This was then confirmed in II116II . 

62 




Figure 5.1: The relative gauge Higgs couplings of the first (blue), second (green) and third (red) 
gauge KK mode. The equivalent RS value is about 8.3. Here Q - ^ - 10'^ and fr - 1 TeV. 



5.2 Ffi in More Than Five Dimensions 

When one considers more than five dimensions, it is far less certain that F„ must be large. Con- 
siders again a gauge field with NBC's propagating in a space that resolves the hierarchy problem. 



Then from Eq. 2.23 it is straight forward to demonstrate that the higher dimensional analogue of 
is 



Eq. 5.4 



- 7^ 777-^ T- (5.9) 



^'(ruv)/„(ruv)(/„"(rir) - §^a./„(rir)) 

^'(rir)/n(rir)(/„"(ruv) - ?fey«n/„(ruv))' 
Now there are two new unknown scales, notably the warping of the internal manifold c{r) and the 
eigenvalues of the Laplacian of the internal space &„. Hence it is far more difficult to say what the 
generic forms of the profiles will be. One could consider the KK modes for which o-,, = 0, i.e. the 
modes which are flat w.r.t 0, which would have the KK numbers n = (?ii,0, . . . ,0). One can use 
the arguments of the previous section to demonstrate that these profiles must be localised towards 
the IR tip of the space. However when it comes to computing f „ 

Fn - = . (5.10) 

one critically finds that one must integrate over the unknown volume factor of the internal space, 
yy. Of course finding that it is difficult to make generic statements about D dimensional spaces 
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where one does not know the geometry of the space should not be a surprising result. Hence we 
will now move on to examine a number of possible warped spaces that all could potentially offer 
resolutions to the gauge hierarchy problem. 



5.2.1 A Space With an Internal Manifold Which Varies as a Power Law 



For our first example we will simply assume the form of the space to be 



ds^ = —rj^ydxf^dx^ 
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(5.11) 



where again dQ?^ - jijdcp^d^K Note that as a goes to zero the space tends towards a space of 
AdSs X M\ studied in ClIllIIl- Here we bound the space with a UV brane at r^^ = R and a IR 
brane rjr = R', such that /?' < r < /? and Q. = However as described in section 



1.2 



the size of 



the warp factor required to resolve the hierarchy problem is dependent on the scaling of the Planck 
mass, Eq. |1.3| 



Mi 



J d^X^J^ 



-R 



.6+1 



A + a6 



1 



l\2+f^ 



(5.12) 



If we assume that {^^ d^x^^ is of order one and 2 + y > then, when R ~ Mp\ a warp factor 
of Q ~ 10^^ would resolve the hierarchy problem. The gauge field wavefunctions would then be 



described by Eq. 2.23 



f" + 

Jn ^ 



6 + a6 



R" 



R^ 



2r fn-^anfn+'^n^fn^^ 



(5.13) 



If we now consider KK modes with On = and hence 0„ = constant, then Eq. 5.13 can be solved 
to give 



fn = 



N 

7^ 



(5.14) 



r j t \ r 

Note that the profile will be localised towards the IR provided that a6 > -4. This point exactly 
coincides with the point at which the four dimensional Planck mass begins to be scaled by the 
volume of the space and hence the warp factor required to resolve the hierarchy problem changes. 
If we now define m„ = then under Neumann EC's 



P = - 



4 

Y^(m„Q-i) 



and 



J_as{mn) +J3Y_q6{m„) = 0. 



The normalisation constant is given by 



R 



1+6- 



{R'ninY 



[Ux) 



2 J,_i(x)Jv+i(x) +/32(y,(x)2 - Y,_i(x)Y,+i 



(X)) 
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Figure 5.2: The relative gauge Higgs coupling for gauge fields propagating in a D-dimensional 
space with a internal manifold growing as r^. Here Q.-j;-\0^^ and ^ - 1 TeV. f90l 



m„ 

m„Q.-^ 



Where v = - 1 - ^ . If we assume that jS is small and Q is large then we can make the approximation 

The zero mode, on the other hand, is given by 

^ for a ^ or 5 = 0, 

otherwise. 



/o 



^JR^+^ in{n.) 
1 



Putting this together we find that when Q is large and /? is small the gauge Higgs coupling (for 
modes with an = 0) is given by 

V21na for a ^ or 5 = 

(5.15) 

otherwise 

This is only an approximate result which tends to break down for /? > -0.2, but the exact 



T ad 



couplings are shown in figure 5.2 and it does emphasize an important result. Notably that in 
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spaces where the size of the internal manifold grows (or shrinks), towards the UV, the gauge 
Higgs coupling scales as a function of the warp factor. This effect is found to be present for all 
KK modes including KK modes that are not excitations in the internal space (a„ = 0). Since here 
we have focused on such modes, the above result is completely independent of the radius of the 
internal space. 

In the case where the space shrinks towards the UV, the coupling will asymptote to one, while 
when the internal spaces are growing towards the UV the coupling blows up and the KK gauge 
modes would become strongly coupled. In this case the tree level perturbative EW analysis done 
here would not be valid but it is reasonable to assume the EW constraints would be large. 

One should not really be surprised by this result since it is just the volume enhancement / 
suppression of the couplings as used in the ADD model. Although it is not exactly the same since 
here it is the relative coupling that is of importance and hence a universal scaling of both the zero 
mode and KK mode would have no effect. Although it is in warped scenarios, where the volume 
effect in the overlap integral scales the KK modes differently from that of the zero mode, that we 
get this significant scaling of the couplings. This effect has also been observed in |[34l . 

Clearly this scaling of the couphngs would dramatically alter the low energy phenomenology, 
of a model with warped extra dimensions, from that of the RS model. Although here we have just 
simply assumed the form of the space. An alternative possibility is to look at solutions obtained 
from string theory. In particular, for a second example, we will consider gauge fields propagating 
in a popular solution of type lib supegravity ifTSl . 



5.2.2 The Klebanov-Strassler Solution 

Both AdSo and AdSs x At^ spaces suffer from a conical singularity in the IR and hence in order 
to consider QFT's propagating in such a background it is necessary to cut the space off with an 
IR brane. The Klebanov- Strassler solution ifTSl . corresponding to the dual of a field theory in 
which the number of colours is being reduced, has attracted significant attention since it has no 
such singularity and hence requires no IR cut off. The IR tip of the space is a rounded off or 
deformed conifold. Unfortunately it has a quite complex form and hence it can only really be 
investigated numerically. Here we will again consider gauge fields propagating in this solution 
while neglecting their backreaction on the background. The metric is then given by 

cIsIq = hr^^{T)r]^ydx''dx' - h^{T)ds\ (5.16) 
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where 



h{T) = 2Hg,Ma'f€^I{T) 



, X coth - 1 , . , , ^1 
dx (sinn(2x) - 2x)3, 



sinh^ X 

where gs is the string coupling, M is the number fractional D3 branes and a' is a normalisation 
factor ~ (gsM)^ . While the internal manifold is described by 



7 1 4 

dsl = -e-^K{T) 



1 



{dT^ + (g'f) + cosh^(-)[te^)^ + igY] + smh\-)[{gr + ig^] 



,3x2 



J\2 



where g^ to g^ are a diagonal combinations of the angular coordinates, e is a parameter specifying 
the conic radius at which deforming begins and 

(sinh(2T) - 2r)i 
K{t) = ; . 

23 sinh(T) 

In the IR we assume the Higgs is localised to a point r,,- close to r = while we still cut the 
space off at t„v such that /i(t„v) - 1- For small r you can make the approximation r (3^^(t))~^ w 
cosh^(T) and write the internal manifold as 

dr^ 



9 1 4 

dsl « 2^'K{T) 



+ cosh^ihdnj + smh^(^)dal 



(5.17) 



3K\t) ' "2'""' ■ "2' 

where dO^ and dQ.2 the line elements for 5^ and 5^. Hence the space is growing towards the 
UV and so one would anticipate the gauge Higgs couplings to become large. Once again we allow 
the gauge fields to propagate in the buUc and focusing on the KK modes, with a„ = 0, such that 



their profiles are given by Eq. 2.23 



fn + + 2cOth(T)l/„' + ^yjn - 0, 



2/i(t) 



where now the orthogonality relation is given by 



6K\t) 



(5.18) 



J 



hi sinh^(T)e'^ ^ 

dT 24 Jnjm 



(5.19) 



Due to the inaccuracies associated with using splines in differential equations we also approx- 
imate 

/(r) 



/o + aT«(T-i) 



1 + br^ + CT^e 3 

where Iq, a, b and c are choosen so as to fit with the exact function. In practice we take Iq w 
0.71805, a w 0.03, b w 0.278 and c w 0.0126. The gauge Higgs couplings are then plotted in 
figure 5.3 As expected the relative couplings become large, e.g. for Q = lO'^ we have Fi w 210. 



Also note that unlike in the RS model the KK modes do not couple with approximately equal 
strength. Hence the KK modes of bulk gauge fields would be increasingly strongly coupled to 
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Figure 5.3: The relative gauge Higgs coupling as a function of the warp factor. Here e is taken to 
be 10"^^ but the results are not significantly dependent on this value. Il90ll 

fields localised on the IR brane. While the perturbative approach taken in this thesis would not be 
valid in this scenario, one would anticipate that if such fields were coupling to any SM particles 
then the resulting constraints, on the size of the KK scale, would be large. 

So if one wishes the Klebanov Strassler solution to offer a phenomenologically viable res- 
olution to the gauge hierarchy problem then clearly one would require that either there are no 
additional bulk fields or if there were that they decouple from the SM fields. This is not straight 
forward to achieve. 

5.3 A Bulk Anisotropic Cosmological Constant 

What we would like to do is to be able to study a range of possible spaces but with the knowledge 
that such space could potentially be realised. Hence for our central example we shall consider the 
classical solutions of the Einstein equations that emerge from the presence of an anisotropic bulk 
cosmological constant II119II . 
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5.3.1 The Model 



In particular we shall consider what is arguably the simplest possible extension of the Randall and 
Sundrum Model. It concerns the classical solutions of a 4 + 1 + 5 dimensional space, described by 



A _ Im^^^K + £buik 



(5.20) 



The co-ordinates run over (jc^, r,9i . . . 9s), we also collectively write 6 = (6i . . . 9^). We allow for 
an anisotropic bulk cosmological constant of the form 



A = 



An 



As 



(5.21) 



A,j 

It should be stressed that this is very much a toy model. It has been motivated in an attempt to 
parameterise our ignorance of the bulk energy momentum tensor in a fashion such that one can still 
find useful solutions. If, for example, we were to consider such a cosmological constant arising 
from an r, 9\ dependent VEV of some bulk scalar, in 6D, 



J 



cTx V-G 



-^-M'^'R + K+^-\dMm^ -Vm 



the corresponding energy-momentum tensor would be 



MN 



l<i>2 + V((D)L^, 



-A - ^$'2 + + V{(S>)^ 



Here ' and ' denotes derivative w.r.t r and 9i . Hence Eq. 5.21 could be realised when the derivatives 
dominate over the potential and the VEV is linearly dependent on r and 9^ . Arguably any real- 
istic approach should allow for a energy-momentum tensor dependent on r and 9. However this 
would lead to warping in multiple directions, complicated wavefunctions and an enlarged para- 
meter space. Although here we consider very much a bottom up approach, it is of course partially 
motivated by the AdS throats that arise from the AdS/CFT correspondence. Hence we again use a 
metric ansatz warped w.r.t a single 'preferred' direction r. 



ds^ - e-^^^'-^j]^ydx^dx'' -d?-Y^ e-2C(.)^^2_ 



(5.22) 
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Figure 5.4: The solutions to the Einstein equations (5.24i for 6D (sohd hnes), 8D(dash-dot hnes) 
and lOD (dot-dot lines). / is plotted in green and in blue. The red lines correspond to 
2k+SJ = and hence the spaces to the left of them will have exponentially suppressed fundamental 

M _ jQis and Mkk 



Planck masses. Here we have fixed Q. = e 



^ = 1 TeV. EH 



For simplicity we take the internal geometry to be toroidal orbifolds and we take 0, € [0,Rg]. 



Neglecting the contribution from any bulk fields the Einstein equations then follow from Eq. 5.20 



6A' 2 - 3A" + 3dA'C' - 6C" + }f ^ ^^\ C' ^ = ^ (5.23) 

6A'2 + ^-1 C'^+A5A'C'= 



21(5-2)! M3+'5 

4(5 - \)A'C' -{5- \)C" + C 2 + lOA' 2 - 4A" = — (5.24) 

2!(5-2)! M3+'5 

Only two of these equations are independent and admit the solution (although not unique 
solution) 

A(r) = kr and C(r) - Jr, 
where k and J are constants, depending on A, A5 and Kq. Here we introduce the parameter 

A5 
A(? 
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Figure 5.5: The warping of the radii of the additional dimensions. 



Then in 6D, as found in II120L Eq. |5.24 leads to 
k = ± 



A5 



J - -ak - -k, 
2 2 



A = I — + -al A5. 



lOofM^ 

See also [121] for 6D work in this direction. In more than six dimensions the equivalent equations 



have a more complicated form and are plotted in figure [5^ There are essentially three classes of 
spaces as illustrated in figure : 



5.5 



When a < I, the radii of the 6 additional dimensions increase as 



one moves towards the IR brane and one would anticipate the KK modes of bulk gauge field having 
reduced couplings to matter on the IR brane. Conversely, where cr > |, the additional dimensions 
are shrinking towards the IR brane and one would anticipate enhanced couplings. Note that an 
isotropic cosmological constant (A = diag(A, A, . . . , A)) would belong to this class of solutions 
and would naively have large EW corrections. The third solution corresponding to a = | (or 



A = diag(A?7py, fA, A, . . . , A)) would correspond to the AdSs x M space studied in II1171I118I . 
Note also that spaces with a < are valid but would correspond to a partially deSitter space with 
A5 >0. 

Like the RS model these spaces are all spaces of constant curvature with a Ricci scalar given 

by 

'R - -20k^ - 86k J - 6{6 + 1)7^. (5.25) 
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and, like the RS model, these spaces also suffer from a conical singularity as r — > oo (and r — > -oo 
when Of < |). Hence such a space must be cut off in both the IR and the UV. How the space is cut 
off in the IR is critical in determining the EW scale where as the relation between the UV cut off 
and the IR cut off partially determines the KK scale. In the RS model Ol the space is cut off with 
two codimension one 3-branes. In doing so one finds that the tension on such branes are finely 
tuned w.r.t each other. Naively one would continue to use 3-branes to cut off the space. 

However it has been known for some time f\Tl\ that matching the solutions across a brane, 
with a tension, of codimension two or higher typically gives rise to a singularity at the location 
of the brane. There are known solutions that avoid this singularity particularly in six dimensions 
III23L for example, including a bulk Gauss-Bonnet term ||88]| . This problem becomes increasingly 
severe for branes of codimension three and higher II1241I1251 . Also, as discussed we would like 
to localise the Higgs just w.r.t r. Hence for the moment we will consider an interval running from 
r € [0, K\ with a IR codimension one brane at r = /? and a UV codimension one brane at r = 0. 

In order to resolve the hierarchy problem we require that the fundamental Higgs mass and the 
curvature, k and J, are of the same order of magnitude as that of the fundamental Planck mass. If 
the Higgs is locaUsed on the IR brane then the effective mass is suppressed by gravitational red 



shifting Eq. 1 .4 



nih 



while the Planck mass is given by Eq. 1.3 



^2 _ ,,3.s (i - e-^^'-'^'^W 
^ {2k + 6 J) 

Hence when 2k + SJ > 0, as in the 5D RS model, the volume effects are of order one and a 
warpfactor O ~ 10^^ is required to resolve the hierarchy problem (assuming ~ M ~ Mp). 
Conversely if 2^ -i- 57 < then one moves towards a 'warped ADD' scenario in which the Planck 
mass is suppressed by the volume of the additional dimensions, hence introducing an additional 
hierarchy between the AdS curvature and the Planck mass. Also recent work has indicated that 
there may be problems with unitarity in lowering the Planck scale to about a TeV II 12611 and hence 
here we focus on spaces with 2k + 6J > 0. Of course it is always possible that the fundamental 
scale is neither the Planck scale nor the EW scale but some intermediate scale. In other words one 
could, for example, increase the size of Rg and hence the required warp factor would be reduced. 
If this was the case the basic results of this section would not change significantly although the 
numbers of course would. Having said that, throughout this section we fix the warp factor to be 



D. = 10^^. It is this that results in the infinity at a = in figure 5.4 
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5.3.2 Bulk Gauge Fields 



We now move on to consider gauge fields propagating in tiie above possible spaces 



(5.26) 



i=i 



The KK profiles will be given from Eq. 2.23 by 



/„" - {2k + 6 J)/;, - y e^-"--^fn + e^'"-mlf„ - 



(5.27) 



Here we have assumed a toroidal internal space, i.e. 5^0„ = -^0„ where /, would be an integer 
KK number appearing as a component of n = (niJi,. . . Jg). The corresponding orthogonality 
relation is given by 

^ ' " (5.28) 



drd 9 € fnfm®n®m ~ ^nm- 



Eq. 5.27 is not analytically solvable although we can look for approximate solutions by making 
the substitution 



Ji _ ^ 

1 



(5.29) 



such that x' = yx and hence 



r 



^'■=1 Rl J 



(5.30) 



Note that y is typically going to be of the same order of magnitude as / and k. In the IR region, 
where one would expect the gauge fields to be naturally localised, y w constant and Eq. 5.27 can 
be approximated to 

where ' denotes derivative w.r.t. x. This can now be solved to give 

(5.31) 

The mass eigenvalues will then be largely determined by the zeros of the Bessel functions and 



I 2k+6J 

f(x)xNx^ y J 1 2MJ jx) + BY i ik+sj jx) 

' ~ 2 y 



hence, assuming ^^^^ ~ 0{\), the KK masses would roughly follow from Eq. 



5.29 



to be 



(5.32) 



Here X„ will be some (9(1) number dependent on the roots of the Bessel functions, the boundary 
conditions and any UV effects. Clearly the spacing of KK modes will depend on the warping of 
the additional dimensions. If for example we take R^^ ~ Mp, Mkk ^ u ~ ^ ^^'^ ^ ~ ^^^^ 
then: 
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• If 7 > (i.e. a > |) then ^ » y ~ ^ and the /, KK modes would gain masses far 
larger than Mkk and essentially decouple from the low energy theory. Hence one would be 
left with just the KK tower corresponding to the /, = modes. 

• If 7 ~ then ^ ~ 7 and the /; t KK modes would have masses of (9(Mkk)- Hence the 
splitting in the KK spectrum would be apparent at the KK scale. For a specific example of 
the graviton KK spectrum in this case see IIII7[|118l . 

• If 7 < then the masses of the /, modes would not shift much from those of the /, = 
modes. Hence one would introduce a fine splitting in the KK spectrum. 




(a)Rg = R (h)Ru = Q.lR 

Figure 5.6: The first two mass eigenvalues of gauge KK modes in six dimensions, for l\ = 
(black), h = I (red), h = 2 (blue), li = 3 (green) and /i = 4 (purple). Here Rg = R on the left and 
Rg - OAR on the right. Q = e*^^ = lO'^ and Mrk = l^eV. ifrTgH 



One should be skeptical about the validity of neglecting the contribution from the UV region 



of the space to y and hence the KK scale. However Eq. 5.32 is found to be in rough agreement 
with numerical solutions of ( 5.27| ), plotted for six dimensions, in figure 5.6 It is also possible to 



analytically solve (5.27 ) for the Z, = modes to get. 



fn(r) = Ne' 



m„e 



nine' 



kr 



(5.33) 



where v = \{2k + 6 J) and N is computed from (5.28 1. The mass eigenvalues are plotted in figure 

1251 

Likewise one can calculate the relative couplings for the U = KK modes, which are plotted 



in figure 5.8 The couplings for the do not change significantly. Figure 5.8(b) displays the 
relative coupling of the KK gauge fields to a particle locahsed on the UV brane. 
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(a) NBC's (b) DEC'S 

Figure 5.7: First three mass eigenvalues of the = gauge KK modes with the (IR,UV) boundary 
conditions (++), on the left and ( — i-) on the right. The gauge field propagates in 6D (red), 8D 
(blue) and lOD (green). Here n = = lO'^ and Mkk = n " ITeV. EH 



5.3.3 Implications for Phenomenology 

So we can see that the phenomenological implications change significantly when the internal space 



is either growing or shrinking towards the IR. On one hand one can see that, as in section 5.2.1 
when the internal space is shrinking towards the IR brane (a > I) the scaling in the volume factor 



in Eq. 5.28 causes the KK gauge modes to become significantly more strongly coupled to particles 



on the IR brane (see figure 5.8(a)). However their coupling to a field localised towards the UV 



brane, such as a light fermion (i^^"^), would be suppressed by the same effect. In such spaces 
the gauge KK modes would be strongly coupled to the Higgs and the perturbative approach to 
computing EW constraints, taken in section [4| would not be valid. None the less it is reasonable 
to assume that the EW constraints would be large and rule out such scenarios as resolutions to the 
hierarchy problem. 

On the other hand when the internal space is growing towards the IR brane (a < |) the exact 
same volume effect suppresses the couplings between particles on the IR brane and hence F„ tends 



to one, see figure 5.8(c) The coupling to particles on the UV brane are also enhanced slightly but 
this effect is reduced by the KK gauge fields still being localised towards the IR brane. At first 
sight this looks very promising. In fact with the Higgs localised on to a codimension one brane 
and the fermions also localised on either the IR brane or the UV brane then one finds that the 
tree level contribution to the S and T parameters can be significantly reduced. These constraints 
have been computed using the method outlined in section |4j both with and without a custodial 
symmetry and plotted in figures 5.9 and 5.10[ Alternatively one can look at the constraints coming 



from individual EW observables. In section |4] it was found that the tightest constraint on the RS 
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(c) F„ for small a 

Figure 5.8: The relative coupling of the /, = KK gauge modes with a IR localised Higgs / 
fermion (on the left) and a UV localised field (on the right) in 6D (red), 8D (blue) and lOD 
(green). The lower graph is an enhancement of the couplings of IR localised fermions for small a. 
Here O = e*^^ = 10^^ and Mrk = ri = ITeV. ifTTOll 



model came from the weak mixing angle, sz- This constraint has been plotted in figure 5.11 The 
constraints are again found to be slightly higher, than those arising from the S and T parameters, 
but generally the two approaches give similar results. 

We have plotted these constraints for the six dimensional case but the results do not change 
significantly when one considers more than six dimensions. Readers may be surprised by the 
potentially large contribution to the T parameter. There aie a number of eff'ects contributing to 



this. Firstly, as discussed in section 4.4 in any realistic scenario the custodial symmetry must be 
broken in order to reproduce the observed SM. In this case the custodial symmetry is broken by 
imposing DBC's on the SU(2)r fields and NBC's on the SU(2)l fields. The extent to which the 
custodial symmetry is broken can, to a certain extent, be parameterised by the difference between 
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(a) T Parameter (b) S Parameter 

Figure 5.9: The tree level contribution to the S and T parameters in six dimensional models, with 
out a custodial symmetry, where the KK scale (Mkk = ^) 1 TeV (blue), 2 TeV (cyan), 3 TeV 
(green), 4 TeV (red) and 5 TeV (magenta). The fermions are localised on the IR, r - R (solid 
lines) or on the UV brane r - 0. (dot dash lines). In black are the \cr and 2cr bounds (M// = 117 
GeV) on S and T [4] Q = e^^ = 10^^ |[TT9ll 



Fn and F„ and the difference between m„ and m„. This difference is enhanced when the root of the 

3^ 
5^ 



Bessel function is small and hence is enhanced when J is negative (a < I) as can be seen in figure 



5.7 



Hence the contribution to the EW constraints, from this difference, is enhanced when a < ^. 
The second contribution arises from the fact that the custodial symmetry does not completely 
protect the gauge fermion vertex. If this correction is absorbed into the S and T parameters then 
one finds that terms proportional to FnF^^^ appear which become large when a > \. 

None the less based on these tree level results it would appear that, by considering spaces 
which are growing towards the IR brane a < | , one can reduce the EW constraints to between 
1.5-2 TeV regardless of whether a custodial symmetry is included or not and regardless of the 
location of the fermions. However it is important to realise what has been computed. Here we 
have computed the tree level corrections to EW observables that arise from corrections to the W 
and Z masses as well as corrections to their couplings caused by the deformation of their profiles. 
What we have not included is, for example 

• The contribution from the gauge scalars. If the fermions and Higgs were localised to a 
codimension one brane and the gauge scalars had DBC's w.r.t r, such that the theory avoided 
any massless charged scalars, then one would forbid the couphng between the gauge scalars 
and the SM fermions and the Higgs. Hence the gauge scalars would not contribute at tree 
level to the EW constraints but would contribute at loop level via their coupling to the SM 
gauge fields. Although localising the fermions to a codimension one brane would not allow 
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(a) T Parameter 



(b) S Parameter 



Figure 5.10: As in figure 5.9 tlie tree level S and T parameters but now with a buUc SU(2)r X 



SU(2)l X U(1) custodial symmetry. |fTT9l 



for the description of flavour discussed in section |3] 

The contribution from the KK modes of the Higgs. If both the Higgs and the fermions are 
localised to a codimension one brane then one would anticipate KK Higgs excitations, with 
repect to the internal space 9, contributing to EW observables at tree level. One possibly 
could be to invoke the idea of KK parity (or conservation of higher dimensional momenta) 
within the internal space to forbid many of these interactions ll33ll47l[T27l . Although typ- 
ically the presence of a Higgs mass term would often deform the profile and cause, for 
example, the fermion and Higgs profiles to no longer be orthogonal. 



The tree level exchange of gauge KK modes, see figure 3.2(b) Such exchanges gives rise 
to four fermion operators. In the RS model such operators are suppressed by the RS GIM 
mechanism and are neglected when considering EW constraints. Although they prove to be 
problematic when considering constraints from flavour physics. Firstly if the fermions were 
localised towards the UV brane, in spaces with a < \, then one can see from figure 5.8(b) 



that such operators would no longer be as suppressed. Hence arguably such operators must 
now be included in EW analysis. Also if the fermions zero mode profiles are not flat w.r.t 9 
then one must also include the exchange of the /, gauge modes, resulting in a divergent 
sum. If the profiles are flat then such couplings would be forbidden by orthogonality. 

• Loop corrections of any form. 

This last exclusion looks quite problematic to the above results. As we have already discussed if 
the Higgs is localised to a codimension one brane then only one tower of KK modes will contribute 
to EW observables at tree level. While many gauge interactions would be forbidden by the ortho- 
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Figure 5.11: The lower bound on Mkk = ^ arising from the EW observable s^. With a bulk 
SU(2) X U(l) gauge symmetry (top) and a bulk SU(2)« x SU(2)l x U(1) custodial symmetry 
(bottom). Here the fermions are localised to the IR brane (solid line) or the UV brane (dot-dash 
line) while the gauge fields propagate in 6D (red), 8D (blue) and lOD (green). The Higgs is 
locahsed w.r.t r such that Q. ^ 10^^. |fTT9l 



gonality of the profiles (see figure 5. 12(a) I or equivalently conservation of KK number, one still 
finds that at loop level all KK towers will contribute. Hence one would expect, in six dimensions 
or more, the resulting summations to be divergent and it would be necessary to impose a cut off 
in the KK number. While a full study of loop contributions is beyond the scope of this thesis one 
can, following BTll . use naive dimensional analysis to estimate the scale at which this divergence 
would cause a break down in perturbative control of the theory. 

One can write down the loop expansion parameter for a gauge theory with a coupling yfajAn 
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(a) Loops that would not contribute to Gauge propagator. 




(b) Loops that would contribute to Gauge propagator. 



Figure 5.12: The top diagrams would not contribute to the gauge propagator due to the orthogon- 
ality of the gauge profiles. The bottom diagrams would contribute to the gauge propagator. Here 
the notation assumes six dimensions. 



and Nc colours 



e ^ Nc^^Nkk(As) (5.34) 



where Nkk(As) is the number of KK modes below the scale As. When e > 1 it is taken as an 
indication that the perturbative effective theory has broken down. It is now not difficult to see 
the problem. As can be seen, from figure |5.6[ where the internal space is growing towards the 
IR, the spacing between the KK modes with /, becomes small and hence one would rapidly 



loose perturbative control of the theory. Table 5.1 lists the scales at which the effective theory of 



a bulk QCD theory would break down in six dimensions. Although it should be stressed that this 
would become far worse in more than six dimensions where the degeneracies of the KK spectrum 
increase significantly 111281 . 

Hence it looks naively like one would lose perturbative control of the theory before one reaches 
the scale of the first Z'. One possible resolution to this problem is to simply make Rq «; R. 
Although, with such an explanation, one must then explain how one can stabilise the different 
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Table 5.1: Assuming one should include KK modes in loops, then the table give the scale (in TeV) 
at which one loses perturbative control of the six dimensional theory. The above numbers are 
based on the running of SU(3)c. One would anticipate the situation being far worse for more than 
six dimensions and smaller values of a. 



dimensions at different scales and still resolve the hierarchy problem. While this looks like a 
serious problem for these models it is also, arguably, incorrect. 

To understand the mistake in the above argument it is important to remember in making a 
KK decomposition one is writing down a four dimensional effective theory based on an on shell 
description of a higher dimensional theory. When one goes to scales larger than the KK scale 
one would anticipate a break down in this effective theory. Hence in the above argument one was 
essentially computing the break down of an effective theory of an effective theory. Alternatively 
one can see the problem by considering the dual theory in which the KK modes are dual to bound 
states. In the same way that it is not correct to include bounds states in the loop computations of 
QCD, it is also not correct to include the KK modes in loop corrections. It is argued in [36], that 
a correct approach is to impose a position dependent cut off on the higher dimensional propagator 



(section 2.2.4 1. Here we have demonstrated that the higher dimensional propagator, for spaces 
with or < |, would have a high density of poles. Although it is beyond the scope of this thesis to 
investigate how this would effect the propagator and consequently the running of the couplings. 



5.3.4 Orthogonality, Conservation of Momentum and KK Parity 

When considering the other points on the above list we repeatedly alluded to the suppression of 
certain couplings using the orthogonality of the fields profiles or equivalently the conservation of 
momenta in the extra dimension. It is worth briefly spelling out when these coupling are zero and 
when they are not. In the four dimensional effective theory the couplings between KK modes are 

81 



given by overlap integrals, for example 

The gauge - fermion - fermion vertex: J d^'^^x a^bc^ ^lyfi^R®''LRfm®mfi^\®^l\ 
The gauge - scalar - scalar - gauge vertex: j d^^^x a^bc^ ^Jyfi®ifnf^®''m''fi^^®''n^fp®p 
The triple gauge vertex: J d^^^x bc^ -^fi&ifm&mfn&n 
The four gauge vertex: J d^^^x bc^ ^lyfiQifm®mfn®nfp®p- 



These taken along with the orthogonality relations Eqs. 2.6 2.22 and 2.36 result in a number of 
couplings being exactly zero. In the previous section it was demonstrated that when considering 
more than five dimensions the number of particles that are present at low energy increases sig- 
nificantly. Hence forbidding certain interactions could potentially be critical in preventing large 
corrections to existing observables. For example if a fermion zero mode is flat w.r.t cf), (i.e. = 
constant) then such a field will not interact with any of the modes. Although a description 
of flavour necessarily requires that the fermions are not flat in the extra dimension. In section 



2.3.2 it was argued, in flat 6D space, that in fixing the bulk mass term to be real and neglecting 



the Ms and Me mass terms then one could arrive at a scenario in which the fermions were only 
not flat with respect to r. Hence, assuming a 4D chiral theory could be obtained, then a warped 
extra dimensional description of flavour could be extended to six dimensions without too many 
additional contributions to the four fermion operators. However in making such a choice one is 
inherently choosing a preferred direction, r. 



Likewise in the ansatz Eq. 5.22 a preferred direction was chosen such that the term was not 
dependent on cf). If was warped w.r.t cp then clearly many of the orthogonality relations would 
not hold and the EW constraints would include many additional contributions. Once again a full 
study of the size of all these additional contributions to EW and flavour constraints is beyond the 
scope of this thesis and would of course be very model dependent. Here we simply wish to point 
out a potentially serious problem with considering warped spaces of more than five dimensions. 



5.4 Summary 

In this chapter we have considered a wide range of possible warped geometries and hence we are 
now in a position to make a few generic statements. Firstly in five dimensions the KK modes 
are likely to be localised towards the IR tip of the space. Here we have demonstrated this using 
the equations of motion although one can equally consider the holographic description of warped 
spaces. In the 4D dual field theory, bulk fields are dual to elementary dynamical source fields 
coupled to a strongly coupled CFT The KK modes are then mixtures of bound states of the CFT 
and the source field lfT4lll29[ri30L A zero mode sitting towards the UV brane would be dominated 
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by the source field while zero modes sitting towards the IR brane would largely be composed of 
bound states of the broken CFT. Like wise, one would speculate, that KK modes sitting towards 
the IR would be dual to confinement occurring in the IR of the field theory. A KK profile growing 
towards the UV could probably not arise in a conventional confining field theory. 

The extent to which the KK modes are localised towards the IR brane is dependent on the warp 
factor. Although a generic consequence of this, in five dimensions, is that the KK gauge modes 
will typically be more strongly coupled to fields localised in the IR, than the flat zero mode (i.e. 
a large value of F„). Hence one will always have sizeable EW corrections and always have the 
possibility for universal gauge fermion couplings. 

In more than five dimensions, while the KK modes corresponding to a„ = would still ne- 
cessarily sit towards the IR, it is more difficult to demonstrate that all the KK modes would be IR 
localised. The problem being that there are unknown scales relating to the curvature and size of 
the internal space, although in all cases studied all the KK modes are IR localised as one would 
expect. However the size and the curvature of the internal space has two significant effects on the 
low energy phenomenology. 

Firstly the volume of the internal space can scale the couplings of the KK modes differently to 
that of the flat, or near flat, zero mode. This can cause a significant enhancement or suppression in 
the relative couplings. Here we demonstrated that this effect can be used to suppress corrections 
to the EW observables coming from corrections to the W and Z zero modes. It should be stressed 
that this is just one example of a potentially large deviation, in the phenomenological implications 
of extra dimensions, from that of the RS model. 

The second effect is related to the spacing of the KK modes. Where there is more than one 
extra dimension there is essentially more than one KK scale. These additional KK scales are again 
related to the curvature and size of the additional dimensions and hence they need not all be at 
the same order of magnitude. This can result in the overall KK tower not being evenly spaced. 
In processes in which the full tower is contributing to a given observable, these additional modes 
could potentially be problematic. 

These two effects can be effectively removed by considering spaces in which the curvature 
and size of the internal space is significantly smaller than the rest of the space. For example, in 
section 5.3 ensuring |7| «c \k\ and Re «; R. However this then shifts the gauge hierarchy problem 



to explaining why a particular space has more than one scale. One must then demonstrate the 
stability of such spaces. 



Having considered deviation, from the RS model, in the dimensionahty and geometry of the 
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space we will now move on to look at deviation in a third characteristic of the model. Namely that 
the RS model considers a sUce of AdS space with a sharp IR and UV cut off. These two cut offs 
leads to a discrete KK spectrum and determines the two scales present in the model. In the next 
section we shall consider the effect of smoothing out the IR cut off. 
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Chapter 6 

The Soft Wall Model 



A generic feature of extra dimensional models which have 'hard' cut offs is that the KK masses 



modes are conjectured to be dual to bounds states of a CFT. The conventional way to describe 
such confinement, in QCD, is in terms of pairs of quarks being held together with 'flux tubes' 
along which the energy density of the gluon is constant. This results in the total energy being 
linearly proportional to the distance between the two quarks, L, i.e. 

where K is the tension in the flux tube and M„ is the mass of the nth meson with momentum p. If 
one then assumes that the meson can be described using the Bohr-Sommerfield quantization II131I 
and uses the above relation then 



Likewise the angular momentum of the meson should scale as 7 ~ KL^ ~ KM^. These quite crude 
arguments fit the observed mesons remarkably well and are referred to as the Regge trajectories. 

As pointed out in 111321 1133II . bound states with masses scaling as ~ would require a 
different type of confinement to that which is observed in QCD. It was this unusual scaling in the 
bound states masses that led to the proposal of the soft wall model in which the hard IR brane is 
replaced by a smooth space-time cut off II134II . This cut off is provided by the background value 
of a 'dilaton' field, O, 



scale as ~ n 



? for large n (see for example 2.9 1. From the holographic perspective the KK 





(6.1) 



Here we will restrict our discussion to only considering AdSj, 




(6.2) 
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where now z runs from a UV brane at z = 7? to infinity. If one assumes that the dilaton field scales 
as a power law 

= (i,)' (6.3) 
then a discrete KK spectrum is obtained when v > 1 . The KK masses then scale as 111351 11361 



m„ 



2-^ 

n V 



(6.4) 



So the Regge scaling of the KK masses can be obtained with a dilaton scaling quadratically. Note 
that now the KK scale is determined by the form of the dilaton Mkk = ^ ■ Also as y ^ oo then 
one regains the RS model. Also when v < 1 then the KK profiles are not normalisable, w.r.t the 



orthogonality relations Eqs. 2.6 2.22 and 2.36 and one obtains a continuous KK spectrum. When 
V = 1 this continuous spectrum begins after a mass gap and is considered to be dual to a hidden 
sector of unparticles. While if v < 1 then the spectrum is continuous above zero mass. Such a 
scenario would be dual to unparticles existing without a mass gap II135[ 11361 11371 . 



6.1 Resolving the Gauge Hierarchy Problem 

However with v - 2 one obtains Regge scaling in the bound states. A natural question, one can 
then ask, is can many of the phenomenological features of the RS model be extended to spaces 
with a soft wall (SW). In other words can such spaces offer explanations of the gauge hierarchy 
and the fermion mass hierarchy. Here we shall briefly review some of the existing work which has 
been carried out on this question before looking in more detail at extending the RS description of 
flavour (outlined in section [3) to the SW model. 

6.1.1 Can the Space be Stabilised in Order to Generate a Large Warp Factor 

Before a space can claim to be able to resolve the gauge hierarchy problem it must be demonstrated 
that it can be stabilised, such that O « 10^^, without fine tuning. In the RS model this is done 
using the Goldberger Wise mechanism, in which a gravity-scalar system is considered such that 
the separation between the two branes is then determined by the VEV of a scalar |l8l|. It can then 
be shown that a large hierarchy can be generated with out unnaturally large parameters in the bulk 
and brane potentials. 

This question has been studied, for the SW model, in both II 1371 and II138II . Here we shall not 
reproduce the calculation but rather summarise the results. Both papers again studied a gravity- 
scalar system which was solved using the 'superpotential' method of II139II . With the absence of an 
IR cut off", the SW model suff'ers from a naked curvature singularity in the IR III401II411 . Hence, in 
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any valid solution, the boundary terms of the equations of motion must vanish at this singularity. 
In II138II this is done directly from the equations of motion where as in II137II this is achieved 
by requiring that the superpotential does not grow too quickly. This results in the two papers 
studying a subtly different class of solutions. Both papers go on to conclude that a large hierarchy 
can be obtained however fT3E\ conclude that, if one wishes to avoid tuning the parameters in the 
potential on the UV brane, then v < 1 and hence one cannot obtain a large hierarchy along with 
a discrete KK spectrum and Regge scalings of the KK masses. Alternatively II137II conclude that 
the hierarchy problem can be resolved with v < 2 and hence a discrete KK spectrum and Regge 
scalings are achievable. When v ^ 2 the equations of motion do not vanish at the singularity. 

For the remainder of this section we will focus on the solutions, with v = 2, that give a large 
hierarchy and Regge scaling. Hence we will not consider stabilisation further but instead impose 
a large hierarchy by hand such that 

Q ^ ^ ~ \0''. (6.5) 

By considering y = 2 we are considering the extremal case of solutions that avoid contributions 
from the singularity. From a phenomenological perspective, solutions with v = 2 will be roughly 
equivalent to v = 1 .999 . . . , but one finds that the KK profiles have analytical solutions when 
V = 2. It is interesting to note that it is this extremal case that gives the Regge scalings in the KK 
spectrum. 



6.1.2 Electroweak Constraints 



It was argued in section 5.1 that five dimensional warped spaces that resolve the gauge hierarchy 
problem will always have sizeable EW constraints, giving rise to a little hierarchy problem. How- 
ever this argument assumes the Higgs is localised on the IR brane. In the SW model, with no 
IR brane, the Higgs must be placed in the bulk hence is now replaced by an overlap integral 
between the Higgs VEV and the gauge profiles. It is this that leads to a significant reduction in 
the constraints from EW observables. In particular in II135II an extension of the Gauge-Higgs uni- 
fication scenario was studied in the SW model. With the absence of an IR brane, it is necessary 
to include an additional charged bulk scalar in order to break the gauge symmetry. The 'Higgs' 
is then a mixture of the fifth component of the gauge field and this bulk scalar. In this model it 
is found that with v = 2 the constraints, from EW observables, on the mass of the first KK gauge 
field are reduced to about 2 TeV. While with y = 1 they are reduced to about 1 TeV. 

An alternative model was considered in II142I I143II in which EW symmetry is broken by a 
bulk Higgs. There an IR brane was included but the space was continued to the singularity. The 
resulting constraints are then dependent on y as well as the spacing between the IR brane, the 
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singularity and the exponent of the Higgs VEV, a, where the Higgs VEV is found to take the form 
h{z) ~ ^0 (l) ■ It is found that the lower a the lower the EW constraints. However if a < 2 then 
additional terms contribute to the Higgs VEV and a fine tuning is reintroduced. Hence the gauge 
hierarchy problem has not been resolved. Although this model differs from the one we will study 
by the presence of an IR brane, we shall none the less use this result and principally consider a 
quadratic Higgs VEV. Once again the constraints on the mass of the first KK gauge field can be 
reduced to about 1 TeV |[T43l . 

When the IR brane is removed the EW constraints again remain relatively small and the Higgs 
VEV is again found to have the form h{z) ~ (|) II136II . 

The point we wish to make in this section is that, in removing the IR brane and changing the 
way the RS model is cut off, one can still resolve the gauge hierarchy problem. Further still with 
a bulk Higgs the EW constraints are typically significantly lower. However, as with extending the 
RS model into more than five dimensions, in the SW model there are a number of new unknown 
parameters. Notably the form of the dilaton and the form of the Higgs VEV. None the less the 
SW model does look like a potentially very attractive framework for discussing EW symmetry 
breaking. As we saw in section [3] some of the tightest constraints on the RS model comes from 
the flavour sector. Hence the central question of this chapter is can the RS description of flavour 
be extended into models with a SW? In other words 

• Can the hierarchy of fermion masses be generated in models with a soft wall? 

• Are FCNC's still suppressed? 



3.13 



one makes the sum ^ which naively is divergent (in five dimensions) when 



• In Eq. 

~ n. If this sum is divergent at what scale does one lose perturbative control of the 
theory? 

This work very much continues on from work done in H 14411 1451 II 461 [T47]| . 



6.2 Fermions in a Soft Wall 

One of the central problems in extending the RS description of flavour to the SW model is that of 
dealing with the fermions. As explained in II1361I1441 11461 . the fermion 's bulk profile is determ- 
ined from the extra dimensional geometry via the presence of a mass term. In the RS model the 
Higgs is localised on the brane and the Yukawa couplings contribute to the fermion profiles only 
through the boundary conditions. Whereas, in the SW model, the Higgs is in the bulk and hence 
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one must account for the back reaction of the Yukawa couplings in the fermion equations of mo- 
tion. This makes the full study of flavour, with anarchic couplings, computationally challenging. 
Another related feature of the SW model is that the extra dimension extends to infinity. Hence in 
order for the KK modes of the fermion to be discrete and normalisable, one must couple them to 
something that bounds them to the space. In this case it is the coupling to the Higgs that gives 
rise to a discrete fermion KK spectrum. All this makes a full study of flavour potentially quite 
involved. However we will simplify the situation considerably by considering a z dependent mass 
term as explained in the next section. 



6.2.1 The Fermion KK Decomposition 

Many of the results of section [2] assumed an IR cut off and did not include the dilaton and hence 
must be rederived for the soft wall model. If we begin by considering two bulk fermions, 4' a 



doublet under SU(2) and Y a singlet, propagating in Eq. |6T2 



+ -(/Yr^VMT - /VMTr^Y) - MtTY + F(/j>FT + h.c.) 



(6.6) 



where Y are the Yukawa couplings to a bulk Higgs (assumed to be a doublet under SU(2)) with a 



VEV h{z)- The remaining notation is as used in section 2.3.1 We can now see that a bulk Higgs 
mixes the two representations together. Hence if we make the KK decompositions 

= Z ^-^'V^U(Z)^S and T,,« = 2] ^e^^Vf i«(z)Tti, (6.7) 



then the equations of motion are given by II1451 11471 



f An) ^ 
R,L 



in) 



\ JrR,L 



R 



^ YwKz) Mr 



An) ^ 
R,L 

An) 

Jy R,L 



= m„ 



An) ^ 
JW L,R 

An) 

Jr L,R 



(6.8) 



while the orthogonality relations are given by 

j ( An) Am) An) Am) \ _ cn 

I yJ'i' L,RJW LJi^ Jy L,RJy L,RI " 
*J R 



(6.9) 



It is now possible to see the double role of the Higgs. Firstly it is giving mass to the fermion 
zero modes which are associated with the SM particles. Secondly, in order to arrive at a discrete 



fermion KK spectrum, it is necessary for Eq. 6.9 to be convergent and hence the fermion profiles 
must go to zero as z — > oo. Here this is achieved by coupling the fermions to the Higgs such that 
limj_+oo ^ ^ oo II145L One can also see the difficulties that would arise in scanning over many 
anarchic Yukawa couplings, since for each 3x3 Yukawa matrix one would have to solve the six 
coupled differential equations and normalise all the solutions. 
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Hence here we shall use the approximation introduced in II 1441 and assume that Eq. |6.8| can 
be diagonalised such that the fermion profiles can be obtained from 



S^J d^x^/^e-'^['V{i^"VM-M{z))'^'), 



(6.10) 

where we have now included the back reaction of the Higgs VEV in a z dependent mass term 

(6.11) 



M(z) = ^| + ^> ' 



Through a slight abuse of notation, we shall refer to the cq term as a bulk mass parameter and the 
ci term as the term arising from the Yukawa coupling. After making the same KK decomposition, 

(6.12) 



Eq. 6.7 such that 



f 

Jr 



An) Am) _ c 

Jl,rJl,r ~ 



and the equations of motion are now 

(5,±^M(z))45-±m„4;^, (6.13) 
where the ± act on fi and respectively. The zero mode profile (m„ - 0) can now be solved for 



JL,R 



± 
(R') 



±2ci / a y 



z^'^° exp I + 



_Cl t' 



(6.14) 



\ \ a ' a J 

where r(a, x) = e~'f~^dt is the incomplete gamma function. Note the zero mode only exists 
if ^ > for i/^i or ^ < for i^r. Also, as in the RS case, the i/'l('Ar) profile will sit towards the 
UV when cq > ^ (co < -\). 

6.2.2 The Fermion Masses 

Having obtained the fermion zero mode profile we will treat the fermion mass, arising from the 
coupling to the Higgs, as a perturbation. I.e. we let the fermion zero mode masses be approximated 
by 

/-■OO D 

M,y- dz-Yijh{z)f[(z)fi(z), (6.15) 
Jr z 

where /, j are flavour indices and ^ is the zero mode profile, Eq 



6.14 



with Co = Cq'^ ' and 

c\ = c^' . Here we parameterise the Yukawa couplings by Yjj - Ajj yR, where Ajj are taken to be 



order one. The Higgs VEV is taken to be of the form II 13611 

hiz) = hoR-^- I^^J , 



(6.16) 



where ho is a dimensionless constant. If one assumes that the ci term in Eq. 6.11 has arisen from 
the Higgs VEV then there will be a non trivial relationship between the c^' values and hoAij. 
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Since the only way to know such a relationship would be to solve Eq. 6.8 one would wonder 
whether the situation has been improved. However fortunately it is found that, when the fermions 
are sitting towards the UV brane, the four dimensional effective couplings, that govern the low 
energy phenomenology, are far more sensitive to changes in the cq bulk mass parameters than 
changes in the ci parameters. This allows us to make the approximation of assuming a universal 
ci value, i.e. assuming that = -c^' = ci. 



Turning back to the fermion masses Eq. 6.15| and substituting in Eq. |6. 14| gives 
Mu-ho^ , ' ' ■ (6-17) 



Note that the integral in Eq. 



6.15 



is convergent only when a > 0, (c^"' - c^^) > and " > 0. 



One can also see that the cq terms always appear in the exponent while the ci terms appear in the 
base. If one now assumes universal ci values then this expression simplifies to 



/1,7 / a 



a- 1 



1 or ' 0- / 



This should be compared with the analogous expression for the RS model, Eq. 3.5 



f[{R)4{R) - Aijv ^(1-24X1+24) ^ '^'^ 



where v ~ 174 GeV is the Higgs VEV. 



The ranges of possible masses have been plotted in figure 6.1 One can see two significant 
differences from the RS case. The first and most obvious, is that as one localises the fermions 
closer and closer to the UV one hits a minimum fermion mass. The location of this minimum 
is very sensitive to both the warp factor and the form of the Higgs VEV. In particular one would 
struggle to generate the hierarchy of fermion masses with a linear Higgs VEV or, for that a matter, 
a small warp factor. What is particularly interesting is that the optimum solutions to the gauge 
hierarchy problem, found in II143I1 . appear to correspond to Q w 10'^ and a w 2. This would 
put the minimum fermion mass about fifteen orders of magnitude lower than the mass of an IR 
localised fermion. If one took /jqMkk ~ 100 GeV then this would correspond to a minimum 
fermion mass of the order 0. 1 meV which is roughly the scale of the observed neutrino masses. It 
is curious to note that this approximately corresponds to models which are found to have minimal 
electroweak constraints II143I . One could obtain a lower mass by considering a split fermion 
scenario, in which the left-handed fermions are localised towards the opposite side of the space to 
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(a) The RS Model 



(b) a = 1 





(c) a = 2 



(d) a = 4 



Figure 6.1: The hierarchy of fermion masses for different Higgs VEV exponents. Here ci - \ but 
it is found that the results are not sensitive to the value of ci, while cl,r refer to the cq constant 
bulk mass terms. We take Q ^ 10^^ and Mkk = = 1 TeV. 

the right-handed fermions. However one would suspect that this scenario would give rise to large 
FCNC's and hence would not be phenomenologically viable. 

The second difference, from the RS model, is the gradient of the slope. In both the RS model 
and the SW model the possible masses drop away exponentially. However, in the SW model, 
the exponent is no longer constant. This leads us to anticipate small mass hierarchies for light 
fermions, such as neutrinos, and larger mass hierarchies between heavier fermions, such as the the 
top and bottom quarks. This reduced co dependence also has implications in the suppression of 
FCNC's which we shall consider in later sections. 

It should be noted that, although here we have treated the Yukawa couplings as a perturbation, 
these results are in good agreement with the corresponding plot in II145I (with a = 2 and Q. = 10^). 
One would also expect that these differences would be present in any model with a bulk Higgs (see 
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for example II148II ). Since this notion of a minimum in the 4D effective Yukawa coupling is generic 
to all couplings between fermion zero modes and profiles sitting towards the JR. It is, for example, 
well known that the same effect is present in the fermion couplings to KK gauge fields (see figure 



6.3 Gauge Fields in a Soft Wall 

Having demonstrated that, with a > 2 and Q. = 10'^, one can generate the hierarchy of fermion 
masses we shall now move on to look at FCNC's. As demonstrated in section[3] some of the most 
stringent constraints on the RS model come from FCNC's in the kaon sector. However, as already 



mentioned, one may be concerned that, with ~ n, Eq. 3.13 may be logarithmically divergent. 
If such processes are divergent then this would mean the four fermion operators are dominated by 
the higher KK modes and one must include a cut off in the KK number. Since it is not really known 
how to renormalise such a scenario and results are typically sensitive to such a cut off [47|, one 
should be concerned about the validity of any results with such a divergence. If such processes are 
not divergent then clearly it is necessary to include more KK modes than in the RS model in order 
to arrive at an accurate result. Although it is not clear how many need to be included. With this in 
mind we shall now compute the 5D gauge propagator that inherently includes the full KK tower. 
For the remainder of this section we shall restrict ourselves to studying models with a quadratic 
Higgs VEV (Of - 2). 

6.3.1 The Photon Propagator 



We start by considering aU{l) gauge field in the space Eq. 6.2 



S=J dh^/^e-^'^-^FMNF''''^. (6.20) 



Following the analysis of section |2.2.4 i.e. integrating by parts and introducing a gauge fixing 
term of the form £gf = f^""*^ (^^.A^^ - ^e'^ ^d5{^e-'^A^)f , one gets 



: 2 7 \ R \ 7. 



(6.21) 



2 z 2 z \ R \ z 

Again we shall work in the unitary gauge (^ 00) and so neglect contributions from ghosts and 
the unphysical A5 goldstone bosons. After Fourier transforming with respect to the four large 
dimensions, such that = id/^, the gauge propagator is given by 

(A/^A^> = -iGpiz, z') (rf' - ^) (6.22) 
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where 

(e^'^ds (e-^-^ds) + p')g,(z,z') - e^^diz - z'). (6.23) 
The point of all this is that in order to obtain a 4D effective theory one just has to integrate out the 

2 

Green's function Gp{z,z')- With a dilaton of the form = the most general solution of Eq. 
[6:23] is 

Az^Mil - a, 2, ^) + Bz^U{l - a, 2, ^) if z < z' 
Gp{z,z') = \ (6.24) 

Cz^M{\ - a, 2, ^) + Dz^U{l-a,2,42) if z > z' 
where A, S, C, D are constants of integration, we have also introduced the quantity 

While M{a,fi, x) and U{a,p, x) are confluent hypergeometric or Kummer function^ Throughout 
the remainder of this section we will repeatedly use relations taken from ||149[ 11501 11511 . To 
proceed further, following ||36 1. we introduce u = min(z,z') and v = max(z, z') and impose the 
'continuity' condition that matches the two solutions at z = z', i.e. Gp{u, u) - Gp{v, v) 

Gp(M,v) - A^mV|am|i -a,2,-^J + B[/|l -a,2,-^JJ 

x(cM(l-«,2,^j + D[/(l-«,2,^ 



Here N is a normalisation constant found by integrating over Eq. |6.23 to get the 'jump' condition 

lim5,G,(«,v)|J-^exp(|;^)| 

giving 



2(BC - AD)RR' 2 
where we have used the relation 



r(l - a). 



x{M{l- a, 2, x)U{-a, 2, ;c) + (1 + a)[/(l - a, 2, x)M(-a, 2, x)) 
To fix the constants of integration we impose Neumann boundary conditions on the UV brane, i.e. 

duGpiu, v)\u=R ^ 0, to get 

A{a) = {Q-^ - a)U{\ - a, 2, O^^) - U{-a, 2, 0"^), (6.25) 
B{a) - (a - a~^)M{l - a, 2, Q"^) - (1 + a)M{-a, 2, Q"^). (6.26) 

Since there is no IR brane the determination of C and D is a little more subtle. Here we replace 
one of the boundary conditions with a 'normalisability' condition that dictates that the propagator 



Note here we use the notation of 11491 although M(a,p, x) can be alternatively denoted by iFi(a,f3, x) or <I)(a,/3, x) 
and likewise U{tt,p, x) can be denoted x""2-Fo(a, 1 + a - /?); ; - j) or ^(a,p, x). 
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be comprised of KK modes which are normaUsable with respect to dz e '^jf^ - 1. This 
condition impUes that 



Hence we require that the integral, Eq. 6.27 be logarithmically divergent. For large x Kummer 
functions scale as M{a,j3, x) ~ ^'^^ U{a,/3, x) ~ x~". The integrand will then scale as 

dz e-'^-Gp{z,z) ~ J dz\ACe^ z'^"'^ + {AD + BC)z~^ + BDe~^ z'^''~^\ . 

The last term is clearly convergent and so with A and B already fixed, only by setting C = can 
one obtain a logarithmic divergence. This then results in D being arbitrary and the full propagator 
being given by 

= - lARR'^ P - 2^ ^) + (l - 2, ^JJ U\l-a, 2, — J (6.28) 

Note the KK masses will be given by the poles of the propagator, i.e. when A{a) = 0. Clearly 
Gp{u, v) will have the same form for the gluons, although the W/Z propagator will be slightly 
deformed. 

6.3.2 The W/Z Gauge Fields 

Before considering the W/Z propagator it is useful to first consider the individual KK modes. 



Working post spontaneous symmetry breaking, we add to Eq. 6.20 a mass term of the form 

AX - lh{zfg%A^^, 

where g is the 5D coupling to the Higgs (or for the Z boson jh(z)^ig^ + g' ^)ApA'^) and h is the 



Higgs VEV ( 6. 16 1. Carrying out the usual KK decomposition, A^ = X„ /n(z)A^"\x'^), such that 



r 

Jr 



}r z 
the gauge profile will then be given by 



dz e''^-fnfm = Snm, (6.29) 



When a = 2 this can be solved to give 



m = Nz^ - [/|l-a„,2,^^J, (6.31) 



where we have introduced the quantities 



^ + 1 and an^— . 
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Note on sending g^/ig — > 0, ^ — > 1 and bearing in mind that U{a,/3, x) - ^U(l + a -p, 2 -yS, x), 
one regains the gauge profiles for massless gauge fields found in II136II . We have also imposed the 



normalisability condition Eq. 6.29 resulting in the coefficient in front of the M(a,yS, x) part of the 
solution being set to zero. Imposing Neumann boundary conditions on the UV brane (d5fn\z=R= 0) 
then gives 

((1 + 0^'^ - 2an) U[l-an,2, ^Q-^) - 2U (-a„, 2, ^Q'^) = 0. 
Once again as ^ ^ 1 , the KK masses are the same as those given by the poles of the propagator 



Eq. 6.25 ^ can then be found by solving 



2 </Z^"l 



1 _ ^?^,2,^n-2 = 2u\ — ,2,^n-2 



WithMKK ~ l-10TeV,then^z ~ 1.28-1.0028 and hence when Mrk > Mv^/z then ^ 0(R). In 
other words, provided the KK scale is not too large, one does not have to introduce any couplings 
that are very large or very small in order to generate the correct W and Z masses. 

We can now estimate /iq by comparison with electroweak observables. Ideally one should 
compare to all observables in particular the Fermi constant. However, since one of the motivations 
for studying this model was its relatively small electroweak corrections, it is reasonable to just 
fit the gauge couplings and ho to three observables. In particular if one fits to the Z mass, fine 
structure constant, a, and weak mixing angle, 6^, then 

Ana = g^slfQ, 

where s\, - sin^ 6^ and c\, = \ - s^^. We have also introduced the flat normalised photon gauge 
profile 

/o=AtF777^ ^"'^ EiW= dt—. (6.32) 
^/?Ei(Q-^) t 

Hence for a quadratic Higgs VEV we find 

° 7raEi(Q-2) 

By fitting the couplings of the five dimensional gauge field, g and g' , directly to observables we are 
assuming that the ratio of the 5D couplings is the same as the ratio of the 4D effective couplings. 
Hence we are neglecting 0{M^^^/M^^) corrections to both the W and Z couplings and masses. 
One can check the validity of this approximation by numerically verifying that 

- 1 

^2 _ 1 w ~ 

which gives cl - 0.7564, 0.7716, 0.7759 and 0.7771 for Mkk - 1, 2, 4 and 10 TeV. Using these 
relations /ioMkk » 262 - 245 GeV for D. = 10^^ and Mkk ^1-10 TeV. Having obtained ho one 
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can now repeat the analysis of the previous section to obtain the W/Z propagator using 
to give 

HW/Z), , ^r(l-O.Vexp(i|i(l-0 + i^(l-0) / / ^ 



+BU\\-~a,2,^-i^\\u(\-~a,2,^], (6.33) 



where a = and 



A(a) = + 0- 2a) u[\-a, 2, ^D.~^) -2U [-a, 2, ^Q'^) , (6.34) 

B{a) - (2a-Q-2(l +^))m (l - a, 2, 2(1 +a)M (-a, 2, (6.35) 

As already mentioned, for the majority of this paper we shall focus on the quadratic Higgs VEV 
(a = 2). None the less it is worth pointing out the special case of a linear VEV. With a = I, Eq. 



6.30 can be solved to give 

fn = Nz^uit-cin,2,^\, where ^=1 + -^ and an = ^^. (6.36) 
Once again imposing Neumann boundary conditions on the UV brane gives the condition 
2(1 - ^ + a„)z.N {{an - OU {\ + i - a^, 2, Q-^) + U {t - an, 2, Q-^)) = 0, 

which in turn implies ^ = 1 H — and 

fo = Nz'u(l,2,^yN. 

Hence in the case of a linear VEV (a = 1), the zero mode profile of the W and Z gauge fields 
are flat. This can alternatively be seen by noting that dsfo = satisfies Eq. 6.30 when g^h^ = 
2m^RR' ^. In models with warped extra dimensions, the deformation of the W and Z zero mode 
gives rise to a number of significant constraints, for example corrections to the Zbb vertex, rare 
lepton decays and corrections to electroweak observables, in particular the S parameter. One 
would anticipate that a flat W/Z profile would lead to a significant suppression of such constraints, 
although one would expect that it would also be difficult to generate the fermion mass hierarchy 
with a linear VEV. 

6.3.3 Convergence of Four Fermion Operators 

We are now in a position to test whether or not the coefficients in front of the four fermion oper- 
ators, of interest to flavour physics, are divergent (at tree level) with respect to KK number. As 
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demonstrated in section [3j these coefficients are determined by the integral 

dz dz' fi/j,{z)fi,j,{z)Gp{u,v)fi^^iz')^^^^^ (6.37) 

Typically this integral cannot be done analytically although one can make a small momentum (i.e. 
small a) approximatioij^ 



/ 2 



Gp{u,v) 



R 
'iR 



B{a) 



\R' 2 / A{a) 



av , 9 



(6.38) 



This allows Eq. 6.37 to be approximated as 



./ 2 



f 

Jr 



3 



-c\z^ 



B 



( J \'^o-i ( 2 i\ 

2 0'/?'2 



c 



+ - 



7? 



/ 2 



R 



■r 2 



2 ; ^ 

— — c 

2 0' R' 2 



poo 

dz' 

jR 



iiz ^ z'), {i ^ J)) 



(6.39) 



The point is that this can be approximately evaluated using 

Jo nia+py^" 



but only when c j + - 1 > and Cq,Cq < ^ (i.e. only when the fermions are localised towards 
the IR) [1521. Alternatively one can look to see when the integrand blows up. Making a large x 
expansion of the Kummer functions gives 



I 



N}T{1 - a)N] 



2ARR' 2 



poo poo 

I dz I dz 

Jr Jz'=z 



2-2r' 

z exp 



-c\z^ 
~R^ 



exp 



2 \—\—a 



+B 



l/?'2 



zT^ 

/?'2 



I 2~2c' 

z "exp 



( j '2\ 

-c\z ' 
~R^ 



r(l-a) \/?' 2/ \7?' 2 

/^cx) poo 

dz' dziiz^z), (/« J)) 
Jz=z' 



(6.40) 



Clearly for large z the integrand will be dominated by the exponential and so will go to zero only 
when, once again, 

c\+c{-\>0. (6.41) 

It is straight forward to check this empirically, for the exact integrand, and it is found to hold for 
every case checked. So, although we have not been able to prove it explicitly, here we strongly 

is 



suspect that the coefficients of four fermion operators will only be convergent when Eq. 6.41 



^Here we have used that M(l, 2, x) = ^-^ and Taylor expanded 

/ v-2 





( -> 

ax- 


r(i - a) 






r(i-fl) 



l_2y->P(l-a)-ln( — )+ — 



^5 - TV(2 -a) -Ay - 21n(^ 



+ 0\ 



where 4' is a digamma function and y is the Euler constant. 
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satisfied. Tiiat is to say the four fermion operator coefficients will be divergent if the fermions are 
too weakly coupled to what ever is bounding them to the space. 

In practice, for large warp factors, the integral Eq. 6.37| is difficult to do even numerically. In 
order to carry out the scans over parameter space required to study flavour one finds it is easier to 



work with the individual KK modes. In other words Eq. 6.37 can be equated to 



J- _ SnSn 
n=0 ^ 



where gi = dzfii„{z)Uz)fii„{z) (6.42) 

^ R 



where /„ is the gauge profile (Eq. 6.31 with ^ = 1). The question then remains, how many KK 



modes should be summed over? In table 6.1 we compare this convergence for a low warp factor. 
Note, at momenta much lower than the KK scale, the propagator is dominated by the zero mode 
which we have subtracted off. 

As one would have expected the convergence appears to be logarithmic and hence one would 
always anticipate a slight error in using an expansion in KK modes. In practice we sum over 
the first 15 KK modes and hence would expect an error of the order of a few percent which we 
consider acceptable. 







Propagator 


5 KK modes 


10 KK modes 


20 KK modes 


0.3 


0.4 


1.7550 X 10"^ 


1.6729 X 10-*^ 


1.7158 X 10"*^ 


1.7325 X 10-^ 


0.3 


0.65 


-1.8710 X 10"*^ 


-1.7570 X 10-^ 


-1.8202 X 10^^ 


-1.8471 X 10-^ 


0.6 


0.65 


6.8463 X 10-'' 


6.1236 X 10^'' 


6.4615 X 10-9 


6.6265 X 10"'' 



Table 6.1: In the propagator column is the quantity -7-72- While in the remaining columns is the 

P Jo 



quantity -71 Z„ 



1_ y 5,10,20 gi,gi 



Here O = 10^ ci = \, p = \0 GeV and Mrk = ^7 = 1 TeV. 



Before moving on to look at the results it is worth briefly looking at the relative gauge fermion 



couplings plotted in figure 6.2(a) The only reason why a convergence of Eq. 6.37 is possible is 
because the higher KK modes are increasingly weakly coupled to the fermion zero modes. One 
can also see that the couplings of the RS model do appear to fall away more rapidly than those of 
the SW model, although it is not really possible to say anything concrete when considering just 3 
modes. 

As discussed in section[3} the scale of constraints from flavour physics is partly determined by 
the difference or non-universality of the coupling of different flavours, particularly when they are 



localised towards the UV brane (cq > ^). This has been plotted in figure 6.2(b) for an arbitrary 
coupling of Co = 0.65. Firstly one can see that, as in the RS model, when the the fermions are 
sitting towards the UV brane the gauge fermion coupling is approximately universal. One can also 



see, from figure |6.2(b)[ that the SW model has an equivalent level of universality to that of the 
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Figure 6.2: The relative coupling between the fermions and the first (soUd lines), second (dashed 
lines) and third (dots) gauge KK modes. For the RS model (black) and the SW model with ci = 0.5 
(red), ci = 1 (blue) and ci = 1.5 (green). Here Q. - 10^^ and Mkk ^ w ~ ^ TeV. The lower 
graph focuses on the universality of the couplings of fermions locahsed towards the UV brane. 



RS model. Critically one can also see, from figure 6.2(a)[ that when the fermions are localised 



towards the UV, differences in the couplings are dominated by differences in the cq bulk mass term 
and not the ci term. Hence here assuming universal ci parameters would not significantly change 
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the results. However as one localises the fermions further and further towards the IR then one can 
see that the coupling becomes increasingly sensitive to the ci parameter. 



6.4 The Lepton Sector 

With respect to studies of flavour physics, the SW model suffers from a significant complication 



which can be seen by comparing Eq. 6. 18 with Eq. 6. 19 In the RS Model the fermion zero mode 
masses are independent of the KK mass scale, hence one can find a configuration of c parameters 
that gives the correct masses and mixings and use that throughout a study. This is no longer the 
case in the SW model and one is forced to solve for the c parameters at each KK scale. This can 
make studies including scans over anarchic Yukawas quite involved. 

Before considering the quark sector we shall first look at the tree level decays involving just 
the charged leptons. The advantage to this is that one need only fit to the lepton masses and 
this will allow us to demonstrate the central physics a little more clearly. In light of the current 
experimental status of the PMNS matrix one is inclined to favour configurations with large charged 
lepton mixings (i.e. closely spaced c parameters). However here we will consider scenarios with 
both large and small mixings. 

We shall also consider only the zero modes of the fermions. One may be concerned that, 
when the full mass matrix MM^ is diagonalised, the mixing of the zero modes would receive 
contributions from the terms that are off diagonal with respect to KK number. In the RS model 
these off diagonal terms are partially suppressed by the orthogonality of the fermion profiles, Eq. 



2.36 [69|. One would expect a similar effect being present in the SW model although it would be 
partially reduced due to the presence of the Higgs profile. As in the case of the RS model, one 
should be particularly cautious, about neglecting the contribution from the fermion KK modes, 
when one has matching cq values. Since this gives rise to particularly universal couplings which 
can, if the KK modes are not considered, exaggerate the suppression of FCNC's. 



The processes we will consider here is the tree level decay Ij — > Z,Z//; which is given by 11153 
nij ^ - ^ (2|Cf/ + 2\Cff + mff + \Dff) 

ere 



,1 n n 

and 

Ul,r are the unitary matrices that diagonalise the fermion mass matrix. This process receives 
contributions from both the exchange of KK photons and KK Z bosons but in practice it is found 
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■ 0.2 0.4 0.6 0.8 1 

Figure 6.3: The coupling of the Z zero mode for the RS model (black) and the SW model with 
ci ^ 0.5 (red), ci = 1 (blue) and c\ = 1.5 (green). Here Q. = 10^^ while Mkk ^ 1 TeV (sohd 
lines) and Mkk - 3 TeV (dashed lines). 



to be completely dominated by the deformation of the Z zero mode plotted in figure 6.3 We do 



not include the contribution from the Higgs or KK modes of the Higgs. The current experimental 
bounds on these processes are [4J 



Brip' e'e^e') < 1.0 x 10" 
Br(T iJ.~fi'^iu') < 3.2 X 10 
Br(T~ ^ e'e^e') < 3.6 x 10^ 



12 



6.4.1 Numerical Analysis and Results 

This slightly simplified study essentially serves two purposes. Firstly it allows us to look at the 
central physics for a relatively simple example. Secondly it allows us to test the two significant 



approximations made in this section, notably the introduction of the z dependent mass, Eq. 6. 1 1 
and the assumption of a universal ci value. The first approximation is tested by comparing this 
study with some earlier work II147II . The second approximation is rather crudely tested by assum- 
ing a universal ci value and then examining the results for any ci dependence. By considering 
just these three decays, it is reasonable to just fit to the three charged lepton masses. However one 
still has a sizeable number of input parameters. Although we assume a universal ci value we still 



allow for anarchic Yukawa couplings A in Eq. 6.18 We shall also assume real flavour diagonal cq 
values. 

As already mentioned, in the SW model we must solve for the relevant cq values at each KK 
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scale. Hence here we take the cl (Cq^^) as an input parameter and randomly generate one 3x3 
complex Yukawa coupling, \Aij\ € [1,3], allowing the cr values to be solved for by fitting to the 
lepton masses iH). 

nie = 0.511 MeV = 106 MeV - 1780 MeV. 

We then proceed to generate a further 10,000 Yukawa couplings and for each one compute the 
branching ratios and lepton masses. Inevitably most of these configurations will not give the 
correct masses and so we take the 100 configurations which give the most accurate masses. From 



these 100 configurations we plot the average of the branching ratios in figure 6.4 We then repeat 
this for a hundred random KK scales Mkk = ^ £ [1> 10] TeV, three c\ values and five cl values. 

(A) CL = [0.710, 0.700, 0.690] (B) cl = [0.750, 0.700, 0.650] 

(C) CL - [0.601, 0.600, 0.599] (D) cl = [0.650, 0.600, 0.550] 

(£■) CL = [0.560, 0.550, 0.540] (6.43) 

We then proceed to compute the branching ratios for the RS model using exactly the the same 
method. In the literature there always appears to be a slight debate over what should be referred to 
as the KK scale. Here we define the KK scale to be ^ for the SW model and ^ for the RS model. 
However in the interests of comparison, when plotting the RS points, we scale Mkk by a factor of 
jf^ such that the mass of the first KK gauge mode will, for both models be about two times Mkk- 



The results are plotted in figure 6.4 



Firstly it should be noted that the (C) configuration, with ci « 1, is in good agreement with 
the equivalent calculation done without the z dependent mass term II147L Secondly, as one would 
expect, there is an increasing ci dependence as one moves the fi profile towards the IR. Although 
this dependence is still small compared to changes in the cq parameters, e.g. going from config- 
uration (C) to (D). None the less it is found that this dependence is negligible for configurations 
(A) and (B). Bearing in mind that these configurations typically have Cq values sitting further to- 
wards the UV then here it is suspected that the assumption of universal ci values is good when 
c^ > 0.6 (or < -0.6). 

These figures also highlight the implications of the reduced gradient in the range of fermion 



masses (figure 6.1 1. One can clearly see that as one localises the left handed fermions closer and 
closer towards the UV brane (i.e. larger cl values) the scale of the branching ratios is reduced. In 
order to maintain the correct masses the corresponding right handed fermions must sitter closer 
towards the IR. Sooner or later this leads to a problem via either a large value of Br(T~ fj.~ii'^fi') 
or even a difficulty obtaining the correct masses. However, due to this reduced gradient, the 
corresponding Cg are not as extreme in the SW model as in the RS model. Hence the RS model 
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Figure 6.4: Branching ratios for rare lepton decays in the RS model (solid dots) and the SW model 
with ci = 0.5 (square), ci = I (star) and ci = 1.5 (diamond). The five configurations considered 



are given in Eq. 6.43 i.e. (A) in red, (B) in magenta, (C) in blue, (D) in cyan and (E) in green. 
Note the RS configuration (A) points have not been plotted due to the difficulty in obtaining a 
reasonable fit to the masses. Q. = 10^^. 



has problematic points in parameter space before the SW model. In other words the reduced 
gradient, in the SW model, gives rise to a larger phenomenologically viable parameter space than 
the RS model. 

Here we have considered a deliberately simplified scenario. In a more complete study, that 
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included processes such as ju — > ey, it would be necessary to include both neutrino masses as 



well as mixings. This would restrict the range of possible configurations (6.43 1 but one would 
anticipate that the basic results still hold. However we will now move on to consider the quark 
sector, or in particular the kaon sector, where clearly it is necessary to fit to mixings. 



6.5 The Quark Sector 

Here we wish to investigate two points. Firstly, can the SW model reproduce the correct quark 
masses and mixing angles and secondly, to what extent ai^e FCNC's suppressed. However, even 
if one assumes real, flavour-diagonal, bulk mass parameters and universal, order unity, c\ values 
then one still has 18 complex Yukawas and 9 real cq parameters to fit. Such a large parameter 
space gives rise to an under constrained problem or in other words the existing constraints from 
flavour physics can always be satisfied with sufficient tuning of the free parameters. Hence the 
relevant question, we wish to address here, is which of the two models requires the least tuning 
in order to reproduce all existing observables. Ideally one should carry out a full Monte Carlo 
analysis, although accurately carrying out the integrals is numerically too slow for this to be a 
computationally viable option. Another possible approach would be to compute the fine tuning 
parameter (introduced in iTTSl ) including all know observables. However this approach would off'er 
no indication as to the 'typical' size of a given observable in a given model. 

The approach taken here is to find points in parameter space that give the correct masses, 
mixing angles and Jarlskog invariant and then proceed to calculate the size of the additional con- 
tributions, to eK and Am^:, from the KK gauge fields. In selecting such points one should be 
aware of two factors. Firstly, is the point fine tuned, i.e. are the output observables sensitive to 
small changes in the input parameters. Secondly, is the point a particularly rare point in parameter 
space. In order to address the second issue, here we endeavour to scan over as wide a range of the 
parameter space as is computationally viable. For the first point we will compute the fine tuning 
parameter at each point considered. To be a little more explicit our method is as follows. 

• With the exception of the overall warp factor (Q = 10^^) and the KK scale, the only input 
parameters we fix by hand are the bulk mass parameters cl and the universal c\ parameter. 
Here we consider five configurations of cl 

(A) CL = [0.72, 0.64, 0.52] (B) cl = [0.69, 0.63, 0.49] 

(C) CL - [0.66, 0.60, 0.42] (D) cl - [0.63, 0.57, 0.34] 

(E) CL - [0.60, 0.52, 0.25] (6.44) 
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Configuration 


c" 


c^ 


(A) 


Cl = 0.5 

Cl = 1 
Cl = 1.5 


[-0.66 ± 0.04, -0.47 ± 0.12, 0.46 ± 0.10] 
[-0.65 ± 0.04, -0.45 ±0.11, 0.47 ± 0.07] 
[-0.64 ± 0.03, -0.43 ± 0.13, 0.45 ± 0.13] 


[-0.63 ± 0.01, -0.61 ± 0.01, -0.57 ± 0.01] 
[-0.62 ± 0.01, -0.60 ± 0.01, -0.56 ± 0.01] 
[-0.62 ± 0.01, -0.59 ± 0.01, -0.56 ± 0.01] 


RS 


[-0.62 ± 0.01, -0.44 ± 0.05, 4.63 ± 1.98] 


[-0.60 ± 0.01, -0.58 ± 0.01, -0.55 ± 0.01] 


(B) 


Cl = 0.5 
Cl = 1 
Cl = 1.5 


[-0.69 + 0.03, -0.52 ±0.03, 0.38 ±0.18] 
[-0.69 + 0.07, -0.46 ±0.14, 0.46 ±0.13] 
[-0.67 + 0.01, -0.46 ±0.12, 0.45 ±0.15] 


[-0.66 ± 0.01, -0.61 ± 0.01, -0.60 ± 0.01] 
[-0.65 ± 0.01, -0.61 ± 0.01, -0.58 ± 0.01] 
[-0.65 ± 0.01, -0.60 ± 0.01, -0.58 ± 0.01] 


RS 


[-0.65 + 0.01, -0.48 ±0.04, 1.09 ±0.67] 


[-0.63 ±0.01, -0.59 ±0.01, -0.57 ± 0.01] 


(C) 


Cl = 0.5 
Cl = 1 
Cl = 1.5 


[-0.72 + 0.04, -0.56 + 0.01, -0.25 + 0.22] 
[-0.71 + 0.01, -0.53 + 0.08, 0.06 + 0.33] 
[-0.70 + 0.03, -0.52 + 0.06, 0.30 + 0.32] 


[-0.69 + 0.01, -0.65+0.01, -0.62 + 0.01] 
[-0.68 + 0.01, -0.64 + 0.01, -0.61 +0.01] 
[-0.68 + 0.01, -0.63 +0.01, -0.60 + 0.01] 


RS 


[-0.68 +0.01, -0.53 + 0.01, -0.06 + 0.14] 


[-0.66 + 0.01, -0.62 + 0.01, -0.60 + 0.01] 


(D) 


Cl = 0.5 
Cl = 1 
Cl = 1.5 


[-0.74 + 0.01, -0.60 + 0.01, -0.37 + 0.08] 
[-0.73 +0.01, -0.58 + 0.01, -0.23 + 0.21] 
[-0.73 +0.01, -0.56 + 0.06, -0.15 + 0.24] 


[-0.72 + 0.01, -0.67 + 0.01, -0.62 + 0.01] 
[-0.71+0.01, -0.67 + 0.01, -0.61+0.01] 
[-0.71+0.01, -0.66 + 0.01, -0.61+0.01] 


RS 


[-0.72 + 0.01, -0.57 + 0.01, -0.29 + 0.06] 


[-0.69 + 0.01, -0.65+0.01, -0.61 +0.01] 


(E) 


Cl = 0.5 
Cl = 1 
Cl = 1.5 


[-0.77 + 0.01, -0.63 + 0.01, -0.43 + 0.03] 
[-0.76 + 0.01, -0.62 + 0.01, -0.36 + 0.07] 
[-0.76 + 0.01, -0.62 + 0.01, -0.21 +0.24] 


[-0.75 + 0.01, -0.71 +0.01, -0.63 + 0.01] 
[-0.74 + 0.01, -0.71 +0.01, -0.62 + 0.01] 
[-0.73 + 0.01, -0.70 + 0.01, -0.61 +0.01] 


RS 


[-0.74 + 0.01, -0.61 ±0.01, -0.35 ±0.05] 


[-0.72 ± 0.01, -0.69 ± 0.01, -0.61 ± 0.01] 



Table 6.2: Bulk mass parameters {cr - c^') of the right-handed fermions obtained by fitting to 
quark masses and mixing angles with the left-handed fermions having the bulk configurations; 
(A) CL = [0.72, 0.64, 0.52], (B) cl = [0.69, 0.63, 0.49], (C) cl = [0.66, 0.60, 0.42], (D) cl = 
[0.63, 0.57, 0.34], (£") cl = [0.60, 0.52, 0.25]. Quoted is the mean and standard deviation taken 
over 50 random points, see text. 



and three ci values, ci = 0.5, 1, 1.5. The live cl configurations have been chosen such 
that they give roughly the correct mixing angles. Note that for configurations with 0.74 < 
Cq^(c\) < 0.60 it becomes increasingly difficult to get a good fit to the quark masses without 
including quite large bulk mass parameters. 

• Next we find the 'natural' and values. By natural we mean the bulk mass parameters 
that give the correct masses and mixing angles assuming that there is no hierarchy in the 
Yukawa couphngs. For this we generate ten sets of two Yukawa matrices and for each one 
solve for c'^'^ by fitting to the quark masses. To avoid accidentally using a fairly extreme 
Yukawa, the cr values used is the median of these ten values. The Yukawa matrices are 
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(b) 



Figure 6.5: and for the RS model (stars) and the SW model with c\ = 1.5 (circles), 



ci = 1 (squares) and ci = 0.5 (diamonds). The ci values are given in Eq. 6.44 For the SW model 



configuration (A) is plotted in dark blue, (B) is plotted in light blue, (C) is plotted in cyan, (D) is 
plotted in light green and (E) is plotted in dark green. While for the RS model (A) is plotted in 
dark red, (B) is plotted in light red, (C) is plotted in orange, (D) in yellow and (E) in dark yellow. 
For both the RS model and the SW model the mass of the first gauge KK mode will be about two 
times Mkk- ^ = 10^^. 



generated such that |/l,y| e [1, 3]. As discussed in chapter |3] we avoid using large Yukawa 
couplings. These average cr values are given in table |6.2[ 
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Figure 6.6: The percentage of points that are consistent with experimental values. The colours and 



points correspond to those used in figure 6.5 



• With the nine bulk mass parameters fixed, we proceed to find 100 points in parameter space, 
that give the correct quark masses, mixing angles and Jarlskog invariant by solving for the 
Yukawa couplings. The quark masses are run up from 2 GeV to the mass of the first KK 
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gauge mode (2Mkk) using the 2 GeV values 



niu = 2.5 MeV mc(3 GeV) = 0.986 GeV mt = 164 GeV 
ma - 4.95 MeV m, = 96.2 MeV mb - 4.163 GeV (6.45) 



and the mixing angles are 101 |6T1 



Vus = 0.2254 ± 0.00065 Vcb = 0.0408 ± 0.00045 

Vub = 0.00376 ± 0.0002 / = 2.91!°;}'^ x 10"^ (6.46) 



By randomly generating the initial guess of the solver one would anticipate that these points 
would be spread evenly over the parameter space. However one still needs to check the 
level of tuning required to obtain masses and mixing angles. Hence here we compute the 
fine tuning parameter f/Sl 



/^BGiOi,Pj) 



Pj AOi 



(6.47) 



OiApj 

where the observables, Oi, run over all the masses, mixing angle and Jarlskog invariant and 
the input parameters, pj, run over the all the Yukawas. In practice we vary the Yukawas over 
a range of 0.1 + 0.1/ (i.e. /^pj). The fine tuning parameter is then taken as the maximum 
value with respect to both input parameters and output parameters. Plotted in figure 6.7 is 
the mean value taken over the 100 points. 

Having found these 100 viable points in parameter space we proceed to compute the size of 



the contributions to €k and Amk- These results have been plotted in figure 6.5 For clarity 



we have also plotted, in figure 6.6 the percentage of the points that are consistent with 



experimental results. Again in the case of the RS model the KK mass has been scaled by a 
factor of 2^ such that the mass of the first gauge KK mode would be about the same in the 
two models. 



This process is then repeated for 50 KK scales, randomly chosen such that Mkk £ [1> 10] 
TeV, for both the RS model and the SW model with ci = 0.5, ci = I and ci = 1.5 and also 



at each configuration in Eq. 6.44 



As mentioned before, it is hoped that this approach will offer an unbiased spread of points over 
the region of parameter space of relevance to generating SM fermion masses and mixing angles. 
Let us turn now to the first question, posed at the beginning of this section, can the SW model 
generate the correct fermion masses and mixings? As one would expect the answer is yes. For 



both the RS model and the SW model, not one of the points plotted in figure 6.7 show any sign of 
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Figure 6.7: The fine tuning parameter giving an indication of the sensitivity of the quark masses, 
mixing angles and Jarlskog invariant to variations in the Yukawa couplings. The colours and points 



correspond to those used in figures 6.5 



significant fine tuning (i.e A^g > 10). This is of course because of bulk configurations Eq. 6.44 
taken as input parameters. Had one chosen more UV or IR localised configurations then clearly 
more tuning would have been required in order to get the correct masses and mixing angles. 

This then brings us to the second question, related to the the suppression of FCNC's. By 
grouping points in parameter space according to their configurations of bulk mass parameters Eq. 



6.44 one is essentially comparing points which require equivalent levels of tuning in order to 



obtain the correct masses and mixing angles (see figure 6.7 1. Even with this comparison it is still 
difficult to meaningfully quantify the extent to which FCNC's are suppressed. None the less one 
can see that, for all points considered, FCNC's are considerably more suppressed in the SW model 
than in the RS model with an equivalent level of tuning. For example, one can see from figure 



6.6(a) that, in the SW model with configuration (E), in order to have about 20% of the points 
consistent with ex one would require Mkk ^ 4 TeV (corresponding to a KK gluon mass of ~ 8 
TeV). Where as in the RS model one would require Mkk ^ 10 TeV (corresponding to a KK gluon 
mass of ~ 25 TeV). Alternatively one can look at the total number of points that satisfy the ex 
constraint regardless of KK scale. In the SW for configuration (E) with ci = 1.5, 1, 0.5 this is 
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about 31%, 31%, 19% respectively. While for configuration (A) this is about 4.2%, 2.5%, 2.6%. 
This can be compared to the RS model which is about 8% for configuration (E) and 0.22% for 
configuration (A). 

There are a number of factors contributing to this increased suppression of FCNC's. The 
extent to which FCNC's are suppressed is largely determined, at tree level, by how universal the 
gauge-fermion couplings, that appear in Eq. |3.10[ are. As can be seen in figure 6.2(a)[ as one 



localises the fermions further and further towards the UV, the gauge fermion coupling becomes 
increasingly universal. While this is true for both the SW model and the RS model one can also 



see, from figure 6.2(b) that in the SW model, with ci > 1 that the gauge fermion couplings are 
slightly more universal than the RS model. In addition to this in the SW model, due to the presence 
of the bulk Higgs, the fermions will typically sit slightly further towards the UV than in the RS 



model (see table 6.2 1. This effect should be combined with the reduced cq dependence in the range 



of possible fermion masses (the gradient in figure 6. 1 1. This results in avoiding extreme bulk mass 



parameters in configurations in which either the left-handed or right-handed fermions are localised 
quite far towards the UV. For example, see c^^ for configurations (A) and (B) in table 



6.2 



for an 



extreme example. When all these effects are combined one finds that, for all points in parameter 
space considered, FCNC's are more suppressed in the SW model than in the RS model. 

One of the underlying assumptions in this analysis is that of a universal c\ value. However, 
upon examining the results one can see that, despite most of the bulk mass parameters of relevance 
to kaon physics having < -0.6, there is still a very small c\ dependence. In particular smaller ci 
values tend to give sUghtly more UV localised fermions and slightly less universal gauge fermion 
couplings. These effects are quite small and hence negligible when compared to varying the bulk 
mass parameters, cq. So here we would argue that these results would not change significantly 
if one was to relax this assumption. None the less, since the exact origin of the ci term has not 
been clearly defined it is not clear if this number can be quite large or small. Here we shall leave 
investigation of this to future work. 

It should also be stressed that this cannot be considered a complete study for a number of 
reasons. Firstly we only consider tree level gauge mediated FCNC's. One would also anticipate 
additional contributions to FCNC's arising from, for example, the dilaton or the Higgs 1171111141 
II541I1551 . The inclusion of such additional contributions would inevitably enlarge the parameter 
space and hence make a fair comparison with the RS model more difficult. However one would 
anticipate that such fields would be IR localised and hence such FCNC's should also be suppressed. 



Secondly we also only focus on kaon physics. One can see from table 6.2 that a study involving top 



physics or B physics would involve fermions sitting further towards the IR where the assumption 
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of universal ci values is arguably less valid. So here we will leave a more comprehensive study to 
future work. 

It is important to realise that the central physics involved in this result is not necessarily re- 
lated to the soft wall but rather the change in the relationship between fermion masses and their 



positions. In particular the reduction of the gradient in figure 6.1 One would anticipate such an 
effect showing up, to some extent, in any bulk Higgs scenario. However soft wall models offer a 
framework in which the Higgs can propagate in the bulk and the gauge hierarchy problem can still 
potentially be resolved. 



6.6 Summary 

We began this chapter by wanting to investigate the phenomenological implications of changing 
the nature of the IR cut off in the RS model. As with changing the geometry, when one removes 
the IR brane one introduces many new free parameters to the model. In particular the exponent 
of the dilaton and the form of the Higgs potential (or the form of whatever is responsible for EW 
symmetry breaking). A consequence of this second point, of relevance to flavour physics, is that 
one can obtain a change in the relationship between bulk mass terms and zero mode masses. To be 
more specific, one can quite generically anticipate that a z dependent bulk Higgs VEV would give 
rise to a minimum in the zero mode masses of UV localised fermions. Further still the possible 
masses no longer need to scale down, from the SM Higgs VEV, in order to be compatible with 
EW observables. Here, based on earlier work, we have studied the implications on flavour physics 
of the particular case of a quadratic Higgs VEV and we have found a significant deviation, in the 
implication for flavour physics, from that of the RS model. Clearly a more complete study should 
really be carried out in conjunction with a study of the EW sector. Nonetheless this rather limited 
study has hinted towards some potentially interesting physics. For example, potential explanations 
of the small mass hierarchy for light fermions compared with the large mass hierarchy for heavy 
fermions, as well as an increased suppression in gauge mediated FCNC's, relative to that of the 
RS model. 

In terms of addressing the question of what spaces offer resolutions to the gauge hierarchy 
problem, then one can see that there are a number of related factors. In the SW model, how 
sharply one cuts off the space will in turn be related to the form of the Higgs VEV. In models with 
a bulk Higgs, the form of the Higgs VEV will determine whether or not a small EW scale can be 
generated, without fine tuning, as well as determining the size of corrections to EW observables 
and the range of possible fermion masses. These last two points combined will dictate whether it 
is possible to locate all the fermions in a region of parameter space with universal gauge fermion 
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couplings and hence suppress constraints from FCNC's. At this stage it is not clear how all these 
factors are related and so we are unable to offer a full answer to the initial question. 
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Chapter 7 



Conclusion 



Over the past decade there has been a surge of interest in the phenomenological impUcations of 
models with warped extra dimensions for a number of reasons. Although, arguably, the primary 
reason is the ability of such models to offer geometrical explanations of the two apparent hier- 
archies in the SM: Firstly, by localising the Higgs towards the IR tip of the extra dimension, one 
can explain why the Planck scale is so much larger than the EW scale and hence offer a potential 
resolution to the gauge hierarchy problem. Secondly, by allowing the fermions to propagate in 
the bulk and including a bulk mass term, one can locaUse the Ughter fermions away from the, IR 
locahsed, Higgs and hence offer an explanation for the apparent hierarchy in the effective Yukawa 
couplings. 

Up to now the bulk of this work has focused on the original RS model based on AdSs. However 
there are a number of reasons for supposing a more complex geometry. In particular, superstring 
theory requires ten and not five dimensions. If those five extra dimensions are included as a 
fibered 5 5 manifold then the corresponding solution of type lib string theory is conjectured to 
be dual to a conformal field theory. In any reaUstic scenario one would anticipate any conformal 
symmetry would be broken in the low energy regime and it is reasonable to speculate that this 
would correspond to some deformation of the AdSs x 55 geometry. Alternatively from a 'bottom 
up' perspective, one can simply ask what spaces offer viable resolutions to the hierarchy problem. 
This thesis has attempted to investigate what would be the phenomenological implications of such 
deformations, assuming the spaces still offer explanations of the two hierarchies mentioned above. 

Before a space can hope to explain these two hierarchies it must have a large warp factor while 
at the same time, we require, that all the dimensionful parameters (e.g. curvature and radius) exist 
at about the same order of magnitude. In all cases considered, these two requirements implies 
that the KK scale should be close to that of the EW scale. Hence for a space to offer a viable 
resolution to the gauge hierarchy problem two criteria must be met: Firstly, one must be able to 
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demonstrate that the space can be stabiUsed, without fine tuning, so as to give a large warp factor. 
Secondly, one must be able to satisfy all existing experimental constraints without resorting to a 
KK scale many orders of magnitude larger than the EW scale. This thesis has primarily focused 
on the second criteria and in doing so one is essentially excluding spaces that do not resolve the 
gauge hierarchy problem rather than proposing ones that do. Hence we have often considered a 
'best case scenario' in which corrections to the SM observables are dominated by the gauge fields 
and additional contributions, from for example the gauge scalars, are assumed to be small. None 
the less the stability of the spaces and size of additional contributions can be checked in future 
work. 

Our strategy has been to compute the size of the corrections to EW observables and flavour 
observables arising from the exchange of KK gauge fields propagating in a reasonably generic 
space. This of course means our conclusions are only valid for spaces in which the SM gauge fields 
propagate in the extra dimensions. It is found, rather unsurprisingly, that the size of corrections to 
EW observables are essentially determined by the mass of the KK gauge fields and their relative 
coupling to the Higgs and to the SM fermions. Likewise it is found that the coefficients of four 
fermion operators, that give rise to FCNC's, are largely determined by the level of universality of 
the couplings between KK gauge fields and SM fermions. 

Next we proceeded to demonstrate, for generic five dimensional space with a large warp factor, 
that the KK modes are heavily peaked towards the IR tip of the space. This is possibly equivalent 
to confinement, in the dual theory, always occurring in the IR of the theory. This has a number 
of important consequences. Firstly the couplings between KK gauge fields and fermions sitting 
towards the UV tip of the space will not be sensitive to how UV localised the fermions are. I.e. the 
couplings will be close to universal and FCNC's will be partially suppressed. Secondly the same 
gauge fermion coupling will be suppressed relative to the gauge zero mode coupling. This can 
be used to partially suppress EW constraints, in particular the contributions to the S parameter. 
Thirdly if the Fliggs is localised on the IR brane then its coupling to the KK gauge fields will be 
enhanced. This gives rise to sizeable corrections to EW observables, in particular the T parameter. 

In more than five dimensions, while the KK modes are still peaked towards the UV, there are 
now two new efi"ects: Firstly the spacing between the KK modes, which is determined by the radius 
and curvature of the extra dimension, is no longer necessarily of a similar order of magnitude for 
all of the extra dimensions. Hence the overall KK spectrum need not be evenly spaced. Secondly 
the volume of the internal space will now scale the 4D eff'ective coupUngs. Critically when this 
radius is dependent on the additional dimension, i.e. the internal space is also warped, then this 
eff'ect will scale the KK modes couplings differently to that of the flat zero mode. If the Higgs 
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is localised on the IR brane then this has a significant effect on the gauge Higgs coupUngs. In 
particular when the internal space is shrinking towards the IR brane the couplings between KK 
gauge modes and the Higgs is enhanced relative to the zero mode. This leads to strongly coupled 
gauge modes and potentially large EW corrections and hence such spaces would probably not 
offer resolutions to the gauge hierarchy problem. This includes a large class of possible spaces 
including spaces such as the Klebanov-Strassler solution and spaces that arise from an isotropic 
cosmological constant. Although here we have not looked at the dual theories one can speculate 
that this class of spaces may be dual to any field theory in which the number of colours is being 
reduced as one moves into the IR. 

Conversely if the internal space is growing towards the IR then the couplings of the gauge KK 
modes will be suppressed by the same effect and hence the contribution to EW observables from 
KK gauge fields can be significantly reduced. However in such spaces the new spacings in KK 
masses are typically found to be much smaller than the KK scale. Hence such spaces would have 
a high density of KK modes or in a potential dual theory a high density of bound states. It is not 
clear what the phenomenological impUcations of this high density of states would be. It is also not 
clear what the dual field theory would be, if one existed. 

It is important to note that the above conclusions are sensitive to the location of the Higgs. 
One would anticipate that if the Higgs was localised w.r.t more than one direction then the EW 
constraints would increase, due to an increase in the number of KK modes contributing to EW 
observables. Conversely if the Higgs was not localised w.r.t the 'warped direction' r, then the 4D 
effective gauge Higgs coupling would arise via an overlap integral and one would anticipate that 
the above effect could be slightly reduced. The extent to which the effect is reduced would depend 
on the extent to which the Higgs sits towards the IR. 

Although models with a bulk Higgs must then demonstrate that a small EW scale can still 
be generated. A model in which this has been shown is the soft wall model and as one would 
anticipate such models are found to have reduced EW constraints. However in considering a bulk 
Higgs one finds that the 4D effective Yukawa couplings, of the fermion zero modes, scale relative 
to the KK scale. Also one finds that, exactly analogous to the minimum gauge fermion coupling, 
that gives rise to the partial suppression of FCNC's, there now exists a minimum 4D effective 
Yukawa coupling. Hence models with a bulk Higgs will inherently give rise to a minimum fermion 
mass. In the SW model studied here, with a quadratic Higgs VEV, this minimum mass sits about 
fifteen orders of magnitude lower than the KK scale which appears to be in rough agreement with 
the observed fermion masses. Further still in such a scenario it is possible for all the fermion 
zero modes to sit towards the UV tip of the space where their coupUngs, to KK gauge fields, are 
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approximately universal. Hence the constraints from FCNC's are significantly reduced compared 
to those of the RS model. This is again all very sensitive to the form of the bulk Higgs VEV and 
hence further work is really needed to understand what Higgs VEVs are possible in models that 
resolve the hierarchy problem. 

So in conclusion it has been found that, if one assumes that a given space resolves the gauge 
hierarchy problem, then any deviation from AdSj that includes additional warped dimensions 
results in a significant change in the phenomenological implications, from that of the RS model. In 
particular either an increased density of KK modes or KK modes that are strongly coupled to fields 
peaked in the IR. Likewise small changes in the location of the Higgs (or whatever is responsible 
for breaking EW symmetry) can result in significant changes in the relationship between fermion 
masses and fermion locations. This would, in turn, lead to a very different descriptions of flavour 
than that of the RS model. Hence we would argue that in an 'LHC era' , in which one should keep 
as open a mind as possible, it is not sufficient to restrict phenomenological studies, of warped extra 
dimensions, to that of just studying the RS model. 
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